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The announcement in a recent number of this MONTHLY of the death of 
Earle Raymond Hedrick brought a distinct shock and keen sense of loss to the 
entire fraternity of American mathematicians. He was an outstanding figure 
among us for more than a generation, his manifold activities and prodigious 
energy being in fact the marvel of his contemporaries. In particular, our Mathe- 
matical Association is deeply indebted to his efforts as he was prominently 
identified with the pioneer movements leading to its organization in 1915 and 
he served as its first president. Moreover, his counsel was ever afterward sought 
in whatever concerned its further development. But he was equally identified 
with many other interests affecting mathematics, these ranging over research, 
editorship, education in its various phases and the applications of mathematics, 
especially to engineering problems. And in recent years he became an adminis- 
trative officer carrying great responsibilities in the conduct of one of America’s 
leading universities. Such an exceptional career commands our admiration and 
respect and merits thoughtful consideration. 

Earle Raymond Hedrick was born at Union City, Indiana, September 27, 
1876 and was descended from early Pennsylvania settlers dating around the 
year 1670. His secondary education centered about the public schools in Ann 
Arbor, Michigan, from which he passed into the neighboring University of 
Michigan, graduating with degree A.B. in 1896. A year of high school teaching 
at Cheboygan, Michigan, immediately followed after which he proceeded to 
Harvard University for advanced study. Here his talents were soon recognized 
by both faculty and students. It was my fortune to have been one of these fellow 
students at the time and I can testify that Hedrick’s keen mind was quite the 
envy of the aspiring young group of that period. While most of us followed the 
customary practice of taking notes during a lecture and felt obliged to work over 
them ponderously later, Hedrick seemed to grasp all instantly. He would ply the 
lecturer from time to time with inquiries indicating fine discriminations of 
thought such as arise from possible exceptional cases or bearings in related 
fields. To me at least his performance was little less then phenomenal. 

I am sure that none of us was surprised when at the end of his second year 
he was awarded the Parker fellowship for study abroad and proceeded to what 
then seemed to be the world citadel of mathematics: Géttingen, with Klein and 
Hilbert. Here, as I learned in later years, he made much the same impression 
upon his associates as he had done at Harvard. Two years sufficed at Géttingen 
for him to finish his thesis, which was in the field of differential equations, and 
to receive the doctoral degree. Some months of the following year (1901) he 
spent at Paris attending lectures by Picard, Goursat, Hadamard and others. 
Then came his appointment as instructor of mathematics at the Yale Scientific 
School, a post he held for the following three years. Characteristic of the usual 
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impression made by him upon others, one of his colleagues of that period told 
me in later years that to him Hedrick then seemed a “ball of fire.” 

In 1903 Hedrick was appointed professor of mathematics at the University 
of Missouri, a post which he held for twenty-one years except for an absence of 
six months in 1919 when he accompanied the American expeditionary force to 
France as director of the mathematical educational corps. Long before the end 
of this twenty-one year period his energy and talents had made a wide impres- 
sion and met with generous recognition. This was evidenced by his election to 
numerous boards and administrative positions directing the mathematical ac- 
tivities of the country, also by his continued contributions to research, his editor- 
ship of an extended series of mathematical texts and his active participation in 
the general problems and discussions surrounding the teaching of mathematics. 
To this period belongs also his translation, in collaboration with Otto Dunkel, 
of the first two volumes of Goursat’s Cours d'Analyse, widely used thereafter 
in all college circles. It was during this time that he took over the arduous 
duties of Editor in Chief of the Bulletin of the American Mathematical Society, 
an office to which, despite the time and labor involved, he gave unstinted effort 
for no less than seventeen years. 

In 1924 Hedrick accepted the position of Professor and Head of the Depart- 
ment of Mathematics at the University of California at Los Angeles and in this 
capacity he continued until 1937. This period brought steady continuation of 
his ardent labors in the interest of mathematics and an ever increasing country- 
wide recognition of his ability and leadership. It brought, among other marks 
of distinction, his election to the presidency of the American Mathematical 
Society and to that of Vice President and Chairman of Section A of the American 
Association for the Advancement of Science. These years were characterized 
by much travel, largely transcontinental, taken by him in behalf of the many 
scientific organizations in which he was interested. Seldom was an important 
meeting. of mathematicians held, however distant from California, at which it 
was not possible to find Hedrick’s genial presence and valued counsel. 

The year 1937 marked a signal change in Hedrick’s career. From the position 
of Professor of Mathematics at the University of California at Los Angeles he 
became one of the two Vice Presidents and Provosts of the University of Cali- 
fornia. The merits involved in such a change speak for themselves. Thus he be- 
came the highest administrative officer of the University at Los Angeles. The 
creditable manner in which he discharged the duties of this high office is per- 
haps best evidenced by the following extract taken from resolutions recently 
adopted by the faculty of that University: 


“As a high administrative officer, he directed his full energies to actions 
which would enhance the reputation of the University in all its fields of 
activity. By performing manifold duties on the Los Angeles campus 
with wisdom and foresight, Dr. Hedrick exercised a great influence 
throughout the University and this influence extended to other univer- 
sities throughout the country through his expert analysis of complex 
administrative matters.” 


Me 

| 


1943] MATHEMATICS, 400 B.c.—300 B.c. 411 


Notwithstanding the duties attendant to his administrative office, Hedrick’s 
underlying interest in mathematics continued and he was to be found scarcely 
less often than before at mathematical meetings. As the time approached for 
relinquishing active university service, friends sometimes asked what he in- 
tended to do after retirement. His reply was “Return to mathematics.” Retire- 
ment came in due course in 1942 and the “return” came directly afterward 
through acceptance of a position as Visiting Professor of Mathematics at Brown 
University. It was anticipated that he would be instrumental in developing the 
Program of Advanced Instruction and Research in Mechanics upon which this 
institution had embarked a year earlier. In particular, he was to lend his talents 
in the inauguration of the new Quarterly of Applied Mathematics which is 
sponsored in connection with that Program. But scarcely had these duties been 
undertaken when illness intervened. Months of confinement followed, hopeful 
but doubtful, until the end came on February 3 of the present year. 

Those who knew Hedrick best will miss most his genial companionship and 
sincere spirit of friendship. To all he leaves behind an enviable record of accom- 
plishment. 


MATHEMATICS, 400 B.C.-300 B.C. 
MAX DEHN, St. John’s College 


1. Survey of the century. The most important men of this period are Plato 
and Aristotle. They clarified the aims and methods of scientific work. Not only 
did they dominate the spiritual life of this era, but they have remained to the 
present day—at different times one more than the other—the leaders of all 
people struggling to find the truth and to order the world of phenomena. 

_ We owe to this period the outstanding systematic work on mathematics by 
Euclid (ca. 300 B.C.). It was used as a textbook soon after it was written, super- 
seding all other textbooks written before it. Euclid’s work was the only textbook 
for the elements of mathematics everywhere until about one hundred and fifty 
years ago and is even used in some countries today (for example, England). 

A little older than Euclid’s Elements is the oldest mathematical treatise pre- 
served in its original form—a work of Autolycus belonging to the domain of ap- 
plied mathematics which describes the simplest phenomena of the movement of 
the stars as phenomena in the geometry of the sphere. 

The Academy founded by Plato about 380 B.C. at Athens favored the study 
of mathematics. Important progress was made at the Academy in both mathe- 
matical method and mathematical knowledge. Typical scholarly work was done 
in the Peripatetic School founded by Aristotle about 350 B.C. at Athens. Eu- 
demus, a member of this school, was the author of the first history of mathe- 
matics. For the larger part of this century Athens was the center of mathe- 
matics. However, at the end of the period, in line with political developments, 
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Alexandria, the city founded in Egypt 331 B.C. by Alexander the Great, became 
an important cultural and especially mathematical center. Euclid taught here. 


2. Mathematical reasoning. The philosophical discussions of this period led 
the mathematician to a higher level of consciousness of what he was doing. He 
became aware that the objects of his geometric research had no existence in the 
outer reality appearing to our senses. They are something between this reality 
and the realm of ideas to which such concepts as that of the integers belongs. 

Further he was taught that it was his duty to formulate the foundations of 
his deductions, the definitions as well as the basic suppositions (the axioms). 
Also the form of the deduction itself was strongly influenced by the philosophical 
discussions. 

The analytical method was introduced. This method starts with the assump- 
tion that the required construction has been carried out, and so leads to simpler 
figures easier to construct. Thereafter, one returns to the original problem of 
construction. 

Connected with this method is the method of indirect proofs of theorems, 
which was probably already used in the first period, but now was in a certain 
sense’ the fashion in mathematical works. Aristotle laid the logical fcundations 
upon which this method rests, the axiom of contradiction and the axiom of the 
excluded third. Both devices have turned out to be of great importance in modern 
discussions of mathematical methods. 

A special case of the indirect proof appears in the method of exhaustion, in- 
dispensable for the proofs of theorems concerning areas not bounded by straight 
lines or volumes of general polyhedra (for example, pyramids). 


3. Various achievements. A great achievement was the invention of a sound 
method of handling irrational ratios: this was accomplished by embedding them 
in the set of the rational ratios. This method is developed to a high degree of 
perfection in the Fifth Book of Euclid’s Elements. The two mathematicians 
Theatetus of Athens and Eudoxus of Cnidos, both intimately connected with 
Plato, certainly contributed a great deal to this development. 

To this time belongs, so far as we know, the discovery of the simplest proper- 
ties of the conics. Menaechmus, also a follower of Plato, is believed to be the 
discoverer of all three types of conics, regarding them as the loci consisting of 
the intersection of a cone with a plane perpendicular to the generating line of the 
cone. Menaechmus used the hyperbola and the parabola simultaneously for the 
solution of the problem of doubling the cube, that is to construct W/2. 

A little older than Menaechmus, Archytas of Tarentum used a three-dimen- 
sional construction for the duplication of the cube. He must have been a man of 
extraordinary scientific renown. The Roman poet Horace wrote a poem about 
him, but unfortunately associated his name incorrectly with the achievements 
of Archimedes. 

Menaechmus'’ brother, Dinostratus, in squaring the circle by Hippias’ quad- 
ratrix proved 


/ 
i | 
~ 
i 
i 


414 MATHEMATICS, 400 B.c.—300 B.c. 


xa 2r 

lim x cot —=—. 

His proof is exact in the modern sense under the assumption that the quadratrix 

is a continuous curve. 


4. Euclid’s Elements. It is to the end of this period that we must assign 
the Elements of Euclid, probably written in Alexandria. We find there the great- 
est part of what nowadays is called elementary geometry. Some important ele- 
mentary theorems, such as those concerning the intersection of the medians or 
the altitudes of a triangle, are not to be found there. 

Euclid’s final aim was obviously the metric theory of the regular solids. In 
this theory occur various irrational ratios. This gave Euclid the opportunity to 
build on a broad basis the theory of the domain of irrationals which contains as 
special cases the irrationals associated with the regular solids. Thus he first de- 
veloped the theory of the whole numbers. Here is found the process for determin- 
ing the greatest common divisor of two whole numbers. This process, called the 
Euclidean algorithm, dominates under many different guises both the ele- 
mentary and the advanced theories of arithmetic and algebra. He developed 
also other theories of purely arithmetical interest. We cite as an example the 
theory of perfect numbers, which are defined by the property that each is equal 
to the sum of its divisors (e.g. 6, 28, 496). This theory has not made much prog- 
ress since the time of Euclid. 

Then follows the comprehensive theory of those irrationals which are gen- 
erated by using, apart from addition and multiplication, the single or double ex- 
traction of a square root. Such irrationals occur in the metric theory of the regu- 
lar solids. An example of this occurrence is found in the fact ¢hat the side of a regu- 
lar pentagon is equal to ~/10—2,/5 r/2, where r is the radius of the circum- 
scribed circle. We find here no attempt to determine rational approximants to 
these irrationals; Euclid’s main concern was to determine algebraic relations 
between the occurring irrationals. 

Of great importance is the introduction of the postulate of parallels in the be- 
ginning of Euclid’s work. It is known from remarks of Aristotle that the theory 
of parallels worried mathematicians. The introduction of a theorem about paral- 
lels as a postulate was an audacious device. It made possible the rigorous con- 
struction of this geometry, but caused much trouble to mathematicians through 
the ages until modern times. 

Beside the Elements, Euclid wrote other works which are for the greatest 
part only preserved in fragments. Of importance for this review is his book on 
Porisms, some fragments of which we find with Pappus’ work. (Pappus lived 
more than five hundred years after Euclid.) In this work, Euclid probably ap- 
proached problems concerning functions, especially linear functions and their 
geometric equivalents as embodied in straight lines, circles, and pencils of 
straight lines passing through a common point. 
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APPLIED MATHEMATICS AND THE PRESENT CRISIS 
R. G. D. RICHARDSON, Brown University 


1. Introduction. It may be useful at this time to make certain inquiries re- 
garding the present status of applied mathematics in America and the tendencies 
which should be fostered for the future. This great nation, now in the throes of 
war, finds startling deficiencies in its material, intellectual, and spiritual re- 
sources. There is scarcity of tin and chromium; of basic scientific knowledge in 
fields like aeronautics; of comprehension of what part America should play in 
establishing a world order. We are caught in a predicament which gives us seri- 
ous food for thought in contemplating the long future. Is it not our duty as 
mathematicians to give some aspects of these matters most searching considera- 
tion? 

Why has research in the applications not kept pace with that in pure mathe- 
matics? Is the present a strategic moment for a significant advance in that field? 
Is there an obligation on American Science to assume a greater share of the 
world’s progress in this particular sector? 

Other problems come to mind. In terms of educational policy after the war 
is over, what will result as a residue of the present participation by universities 
in war programs? Should mathematicians consider some more comprehensive 
sort of organization of their interests? The physicists have their Institute which 
is proving markedly effective during the war. The mathematicians are well or- 
ganized for publication and research but not on the promotional side; in the 
present crisis, Washington found that it had to turn to physicists and others 
for some of the help which we would have furnished had we been more com- 
pletely organized. 

There is at the moment a marked trend toward increasing the group of pro- 
fessional mathematicians whose work lies in government agencies and industrial 
fields rather than in teaching. When the proper time comes, can we define the 
word “mathematician” in such a connection so that it has a meaning in the sci- 
entific world? 


2. The deficiency in Applied Mathematics. Of those mathematicians whose 
names are starred in American Men of Science, the number who are now working 
in the field of applications is almost negligible. The percentage has decreased 
with each of the six issues and the new list to appear soon will not change this 
picture. Only one man (E. W. Brown) interested primarily in applied mathe- 
matics has been elected to the presidency of the American Mathematical Society 
since 1900, though before that time nearly all the presidents were in that field. 
An examination of the list of doctorates conferred in the past few years shows a 
very small percentage (certainly not more than 8%) in the applications. The 
great majority of our leading institutions make no provision for carrying stu- 
dents to the doctorate in applied mathematics. A scrutiny of American scientific 
journals will show only a small (though happily increasing) number of investiga- 
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tions into the fundamental reaches of this sector. To be sure, mathematical 
physics and statistics are well represented in America; investigations in electro- 
dynamics and thermodynamics have achieved considerable success; but in the 
fields of mechanics (including such branches as fluid dynamics, elasticity, and 
plasticity), acoustics, and optics, the names are few and mostly of those of for- 
eign birth. 


3. A surprising situation. This deficiency is surprising in a nation that con- 
siders itself practical, above all. American engineering in many of its aspects has 
achieved a high level of performance. In physics and in astronomy America 
has built instruments and achieved results which are the marvel of the world. 
For these reasons, it would be hard to bring it home to the layman that America 
has had to rely largely, and still is relying largely, on foreign countries to build 
up the bases on which many of the advances in our mechanical engineering rest. 
But that such is the fact can easily be verified by any scientist. 

It is surprising, too, because American research before 1890 was weighted 
toward the applications. Gibbs with his epoch-making theories which form the 
bases for much of modern physical chemistry; Newcomb in mathematics and 
astronomy—in his day the best known of American scientists internationally; 
G. W. Hill, in mathematical astronomy, who brought renown to this country: 
it would seem that these products of American scholarship might well have in- 
fluenced American mathematics to proceed in quite another direction from that 
which it actually took. 

In 1900, physics and engineering in America were essentially descriptive and 
there were opportunities to influence the theoretical development of these sub- 
jects. These opportunities were unfortunately neglected by the mathematicians; 
the physicists and engineers themselves proceeded to develop the mathematics 
underlying their respective disciplines and with such marked success that a large 
proportion of the applied mathematicians of the present day are the result of 
their training. Moreover, physicists have cultivated almost exclusively such 
sectors as wave mechanics, statistical mechanics, cosmic astrophysics; and the 
resulting researches have been printed in physics publications and only rarely 
in mathematical journals. Since many of these investigations are essentially 
mathematical in character and have little reference to experimentation, this 
development strikes one not only as unfortunate but as bizarre. 


4. Causes of the deficiency. In the period since 1900, America has made 
unprecedented strides in mathematical research as a whole. Nevertheless, while 
this country is now easily the world leader in many branches of pure mathe- 
matics and stands high in some divisions of applied mathematics, it lags far 
behind in some other divisions. In Applied Mechanics there are a few excellent 
men, but they are widely scattered throughout the industries and the universi- 
ties. For a quarter of a century the deficiency in this direction has been realized 
by the leaders of mathematical thought in the country and attempts have been 
made by two or three universities to build up a continuing school where young 
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men interested in certain fields of applied mathematics can get the very best 
broad training. The Massachusetts Institute of Technology, the University of 
Wisconsin, and a few other institutions have over a long period cultivated the 
applications; and more recently California Institute of Technology has entered 
this field. Industrial concerns, in particular the Bell Telephone Laboratories, 
have assembled groups of men skilled in applied mathematics who have made 
noteworthy contributions. But for one reason or another (probably in part be- 
cause of the tradition built up by the mathematicians who went early to Ger- 
many for training, in part because of lack of consistent coSperation between 
universities, and in part because of lack of funds), these various attempts to 
build up strong departments of applied mathematics in the universities have 
not achieved complete success and nothing outstanding as a center of instruc- 
tion in this field has persisted. An able presentation of these facts was made by 
Thornton C. Fry of the Bell Telephone Laboratories in his 1940 report on mathe- 
matics in industry, prepared under the auspices of the Committee on Survey of 
Research in Industry.* This report has had wide circulation and has evoked 
strong expressions of approval. 

As the result of the influence of European mathematicians, including Syl- 
vester, Klein, Kronecker, and Hilbert, the prospective leaders of American 
mathematics—such as Moore, White, Osgood, Bécher, Van Vleck, and Pierpont 
—when they came back to America after having studied abroad during the 
period 1890-1910, brought with them an enthusiasm for rigor which was to 
galvanize instruction and to develop this country into a leader in pure mathe- 
matics. But no one with enough influence was able to transport the ideas seeth- 
ing in the mind of Felix Klein, who realized that if Germany was to be strong, 
the country would have to foster institutes of applied mathematics like that in 
Applied Mechanics at Géttingen established under his influence. 

There are many reasons why young men have gone largely into pure rather 
than applied mathematics. In the first place, there has been an unhappy cleav- 
age between the groups of leaders in the two fields, to the disadvantage of both. 
In the second place, it is probably fair to state that it is more difficult to do sig- 
nificant mathematical research in applied mathematics than it is in some of the 
fields of pure mathematics. Furthermore, our system of mathematics in the high 
schools and colleges does not prepare the minds of prospective mathematicians 
for interest in applications in the field of mechanics, as does, for example, the 
British system. In the American high schools, mathematics has been divorced 
from physics to the detriment of both. Attitudes of mind formed in the adoles- 
cent period are not easy to change. College teaching has fostered this divorce. 
The exigencies of the war are changing this attitude, but it remains to be seen 
if the impetus given to the fusion of these disciplines will persist. 

In Germany, Britain, and France there have been at least half a dozen insti- 
tutions where applied mathematics was sedulously cultivated. For example, 


* Research—A National Resource—II, Section VI, Part 4, pp. 268-288—A House Document, 
77th Congress. Printed also by the Bell Telephone Laboratories. 
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there are great research institutes for aeronautics in Germany where even before 
the war many hundreds of persons (mathematicians, engineers, etc.) were con- 
centrated. To illustrate the trend, it might be pointed out that since the begin- 
ning of the present war a new Institute has been established in Géttingen to 
study a particular branch of aeronautics known as Problems of Unsteady Flow 
and it has issued numerous important memoirs. There are other great German 
centers also to which engineering problems that involve mathematics can be 
sent and where both the theoretical and the experimental phases can be ex- 
plored. These centers are adequately supported by the government and the in- 
dustries. We have nothing in America of precisely the same kind. It is true that 
there are universities and technical schools where the highest grade of engineer- 
ing instruction is carried on and where research is actively prosecuted. It is true 
also that there have been Research Institutes to which practical engineering 
problems on a somewhat lower level are assigned by industrial organizations. 
Furthermore, in a host of private industrial laboratories there has been high- 
grade research carried on. And to the extent that personnel is available, these 
activities are being expanded for the war. 

But there has been in America almost no institution to which a young man 
could go for the broadest training in the advanced reaches of mathematics ap- 
plied to engineering, and in which he could catch the spirit of research and learn 
the necessary techniques. Probably there should eventually be several institu- 
tions of this sort in this vast country; but at present there are not enough mathe- 
maticians expert in this applied field to staff any considerable number of such 
schools. Besides, there are decided advantages in concentrating intensive in- 
struction in a very few institutions until strong centers are established; this 
seems especially true in the present emergency. 


5. Effect of the emergency. The war has greatly intensified the need for 
remedying America’s inadequacies in industrial mathematics. It has made the 
most striking demands upon a host of industries related to war activities and has 
simultaneously isolated us from communication with other centers of leadership 
in this field. Even the British institutions where applied mathematics is culti- 
vated are virtually shut off from us by the enormous demands made upon them 
by their own country. 

Thus the normal needs for orderly industrial development are greatly aug- 
mented by the present national emergency. Adequate exploitation of aerody- 
namics and other fields bearing directly upon defense activities awaits the basic 
work of mathematicians. A program must have the double purpose of serving 
the nation’s immediate war needs and of pointing the way to a means for attack- 
ing some of the more difficult problems of organization of engineering research 
which lie ahead. America cannot afford to lag behind either now or in the period 
of reconstruction when competition is bound to be of the very keenest. We 
should be ready to assume our rightful place in this science as in others; South 
America, Asia and, to a lesser extent, Europe must look to us for leadership. 
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6. The growing realization of need. There are many persons influential in 
American science who have been for some time convinced that greatly increased 
attention should be given to the applications; that only as theory and practice 
stimulate and supplement one another can either achieve permanent strength 
worthy of our nation. The large influx of foreigners during the past two decades 
has brought to our shores some outstanding figures in the applications to 
Mechanics; we may cite Friedrichs, Den Hartog, Karman, Mises, Prager, Reiss- 
ner, and Timoshenko. These and others form a nucleus for instruction and re- 
search which we trust betokens a far-reaching development. 

The country long since has passed the stage when it is necessary to demon- 
strate the vital importance of fundamental scientific research in agriculture and 
industry. It has been a question, however, as to whether the nation would 
support the rapid expansion of*research in a sector such as Mechanics until it 
could visualize clearly the possibility of adding not only to theoretical knowl- 
edge, but also to practical application. The war is increasingly proving that such 
contributions can be made; mathematics is serving the spectacular developments 
taking place in aeronautics and other war endeavors. Problems in ballistics are 
enlisting groups of mathematicians at Aberdeen and elsewhere; radio research 
makes its calls to the Radiation Laboratory and to other centers; the Taylor 
Model Basin has mathematical problems in ship construction; Langley Field 
has enlisted a number of men to work on urgent questions in aeronautics; this 
list could be greatly expanded. The call for men of ability and adaptability in all 
of these fields greatly exceeds the supply. 

A careful study of the need for Applied Mathematics was made in the sum- 
mer of 1941 by a committee* consisting of eminent scholars and administrators: 
Marston Morse, of the Institute for Advanced Study, President of the American 
Mathematical Society, Chairman; M. J. Kelly, Research Director of the Bell 
Telephone Laboratories; G. B. Pegram, Dean of the Graduate School, Columbia 
University; Theodore von Karman, Director of the Aeronautics Laboratory, 
California Institute of Technology; Warren Weaver, Director for Natural Sci- 
ences, Rockefeller Foundation. The findings of this committee reinforced the 
report of Fry and made important constructive suggestions for remedying the 
situation. It was pointed out that the critical situation called for something 
more than the ordinary evolution of educational methods in this sector. Since 
this report was written, America has entered the war and the recommendations 
of the committee would doubtless now be sharpened and intensified. 


7. The objectives of a new development. The United States has for years 
been training an enormous number of undergraduate engineers and these men 
prove a highly useful factor in the development of our resources. On the other 
hand, compared with a country like Germany, there are relatively few engineers 


* See an article in the American Journal of Physics, Vol. 11, No. 2, 67-73, April 1943, where 
more details of that investigation are given. See also an article by Rufus Oldenberger entitled Pure 
and Applied Mathematics in The Journal of Engineering Education, January, 1943, pp. 432-437. 
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with a training as extensive as that of men in other professions. It is fair to com- 
pare the training of engineers with that of physicians, since both professions 
demand a theoretical and a practical knowledge, which are obtained by a com- 
bination of university instruction and practical experience under guidance. The 
emergency reveals how inadequate are our reserves of personnel with three or 
four years of graduate training in engineering. If America is to compete on the 
higher levels of research in engineering, it seems clear that more of our ablest 
young men should be getting additional training of a graduate school character. 
Extensive grounding in classical physics and applied mathematics must be com- 
bined with a first-hand knowledge of some important practical problems. A 
prospective mathematical engineer would still have to acquire practical experi- 
ence, just as a physician must serve as an interne; but he would be able to pro- 
gress rapidly to problems beyond the mere routine. 

Men teaching mathematics in engineering schools should have an under- 
standing of, and sympathy with, the outlook of their colleagues in the engineer- 
ing faculties. Many of them should have had their work for the doctorate pri- 
marily in applied mathematics. Moreover, every candidate for the degree of 
Ph.D. in mathematics should have a modicum of training in applied mathema- 
tics just as he should be prepared in analysis, in geometry, and in algebra. In a 
country reputed to have a genius for material development, such suggestions 
seem very moderate. Participation in courses of high grade in the applied field 
would aid in giving the proper attitude to those not concerned in delving deeply 
themselves into this area. 

The student body for such a venture must consist of men who have a flair 
for the practical in science as well as for the theoretical. Talented men must be 
enlisted at the end of their college careers as well as at later stages of their sci- 
entific development. They should exhibit unusual aptitude for the physical 
sciences as well as all-round competence. One potent reason why more of the 
abler neophytes graduating from engineering schools have not proceeded to 
further study is the competition of the industries; in order to enlist such men it 
is necessary to have adequate funds for fellowships. 


8. A new journal. At various times during the last fifteen years plans for a 
new periodical in the field of applied mathematics have been drawn up; but, for 
one reason or another, no decisive step was taken until recently. Much of the 
literature has been in foreign languages and this proves a bar in the case of many 
engineers; it has seemed clear that a larger proportion of current publication in 
applied mathematics must be in the English language. There are many articles 
published in physics and engineering journals that have significant mathemati- 
cal content; this is particularly true in the Journal of Applied Mechanics. Never- 
theless, there has been a need for an additional periodical devoted to research 
involving advanced mathematical treatment of engineering problems. Working 
with representatives of journals in allied fields, a group of leaders has inaugu- 
rated the Quarterly of Applied Mathematics. Its welcome by Mechanical Engi- 
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neering is expressed in a recent editorial.* The new Quarterly has enlisted a staff 
of editors and collaborators of such high quality as to inspire confidence in its 
future. The first number has evoked much commendation. 


9. Activities of American mathematicians relating to the war. It will be re- 
called that the American Mathematical Society and the Mathematical Associa- 
tion of America appointed a joint Committee on War Preparedness in Septem- 
ber, 1939, only a few days after war was declared in Europe. Much effort has 
been given to planning the utilization of our national mathematical resources. 
Advocates of the Kilgore Bill now pending in Washington claim that science is 
poorly organized for assistance to the war effort and that altogether too small a 
fraction of scientists are enlisted. On the other hand, W. L. Lawrence, writing in 
the New York Times for January 3, 1943, states that 87% of mathematicians 
engaged in research have turned their attention to war work; the truth of the 
matter probably lies between these two extremes. As individuals, mathemati- 
cians have in general responded promptly to the call for assistance in the emer- 
gency. More than one hundred have left their teaching positions to give full 
time to research in war problems; an equal number are in uniform, engaged in 
research or giving instruction to the armed forces; probably as many more are 
engaged part-time in active investigation for the government or industry; and 
the great bulk of the remainder are teaching men in college programs in connec- 
tion with the armed services. All this emphasis on the practical side of mathe- 
matics cannot fail to leave an impression on future instruction. The profession 
needs wise leadership in determining what permanent influence this diversion of 
effort will leave behind. It would be folly to let the pendulum swing back to 
the opposite pole and abandon the present gains made in scientific prestige by 
our participation in practical applications. We have resources ample enough to 
cultivate many diverse interests, including various branches of applied, as well 
as of pure, mathematics. 


10. Professional mathematicians not in the academic field. Today the term 
“engineer” or “chemist” denotes a certain proficiency at the professional level; 
tomorrow the designation “physicist” will be similarly introduced and standard- 
ized and the day after that, the appellation “mathematician.” While there will 
never be a call comparable to that for physicists or chemists, the need for such 
professional mathematicians, already considerable, will grow as the complexity 
of industrial research increases. What can we as mathematicians do to direct 
into the proper channel men who have talent for the applications of mathe- 
matics to the development of engineering? How can standards of competence 
be set and maintained? What mark of certified approval can be adopted by a 
group of institutions preparing such men? 


11. New developments at Brown University. As a modest contribution to the 
amelioration of the situation, Brown University inaugurated in June, 1941 a 


* May, 1943, p. 312. 
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program of Advanced Instruction and Research in Mechanics, which is now in 
its seventh term. This effort is supported by the ESMWT of the U. S. Office of 
Education and the Carnegie Corporation; there is also a liberal grant for fellow- 
ships from the Rockefeller Foundation. 

For at least two or three years previous to 1941, there had been at Brown 
University a conviction that America could not avoid war, that physics and engi- 
neering and the underlying mathematics were bound to play a leading part in 
its prosecution, and that steps should be taken to strengthen one of the weakest 
links in the American scientific chain. The immediate stimulus of this enterprise 
was, however, the Fry report cited above. 

It is instructive to consider the original objectives of this effort. To be sure, 
these at the moment are to a considerable extent obscured by the fact that the 
onset of war has made it essential that the program for the bulk of the partici- 
pants should be abbreviated and speeded up. Among the basic ideas originally 
laid down were the improved recruitment and training of applied mathemati- 
cians and a stimulation of the interest in applied mathematics among mathe- 
maticians and engineers. The primary object was the enlisting of very high grade 
men and giving them thorough and deep training for careers as teachers of ap- 
plied mathematics, that training to include practical experience in experimental 
sciences. This would involve three or four years of graduate study of which per- 
haps one year would be in practical work. An original subsidiary aim, thrust 
more prominently into the foreground by the war, was the preparation of a 
small number of persons for employment as mathematicians in industry and 
government agencies. From this group a smaller number can be expected to 
extend the frontiers of knowledge by new developments arising out of the prac- 
tical problems on which they work. This latter phase of the plan is proving to 
have real significance in the progress of American science. 

During the first session of the program, the University appointed an Evalu- 
ating Committee to consider the problem from a national standpoint. The report 
of this committee, with Marston Morse as chairman, is referred to above. Its 
main recommendations have been followed. 

The main group of courses* is centered around Mechanics, which term in- 
cludes advanced work in fluid dynamics, elasticity, plasticity, aerodynamics, 
theory of vibrations, theory of structures, and so forth. Other fields of applied 
mathematics are being included from time to time. 

The staff of half a dozen or more is recruited from the ablest men available. 
The average number of students in attendance has been in excess of fifty, the 
enrollment in the summer session being greater than that during the academic 
year. One quarter were already in possession of the doctorate. The clientele 
ranges from students who have just completed their undergraduate training in 
mathematics, physics, or engineering to mature men who wish to change their 
fields of research from pure to applied mathematics. Of the 200 who have en- 


* A pamphlet listing the courses will be sent on a written request addressed to the Graduate 
School, Brown University. 
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rolled, 40 have gone into research in government agencies concerned with aero- 
nautics, ship construction, gun construction, radar, etc.; 20 are engaged in re- 
search in industries connected with the war; 10 have special assignments in con- 
nection with the armed forces; 25 are continuing as engineers in industry; the 
remainder are instructors and graduate students in universities. 

More than 25 research papers have been completed and others are under way; 
some deal with immediate practical problems which have arisen in the prosecu- 
tion of the war, while others are of a more fundamental character. As a signifi- 
cant feature of the program, a limited number of research problems are being in- 
vestigated for government agencies and war industries. 

Besides the instruction in lectures and seminars, there have been numerous 
single talks and short series of lectures by visiting experts, as well as conferences 
on topics of current research interest (Non-Linear Mechanics, Ballistics, etc.). 
As a by-product of the instruction, the School has mimeographed ten series of 
lectures which, without any advertising, have been widely distributed to indus- 
tries and universities. Some of the lectures have been put into book form and 
others will be eventually. Such treatises will prove to be of real significance to 
future progress in their respective fields. The School is codperating in preparing 
a résumé of some of the excellent recent work of the Russians in the field of 
Mechanics; this will probably be published soon by the Taylor Model Basin and 
thus made available to engineers. 

The founding of a new journal has been referred to above. Brown University 
has made a liberal subvention; there are already eight hundred subscribers. 
After an initial period, it is hoped that the journal will become practically self- 
supporting. 

The experiment at Brown University is a lively one; it has already evoked 
much interest, and it permits a hope that it will prove to be a contribution to the 
advancement of American science. 


GEODESICS AND PLANE ARCS ON AN OBLATE SPHEROID 
L. E. WARD, University of Iowa 


1. Introduction. Current interest in navigation has suggested the following 
question. Let P, and P; be two points on an oblate spheroid, siz the length of the 
geodesic connecting them, and oy the length of the elliptic arc P;P2 which is the 
intersection with the spheroid of the plane determined by P,, Pz, and the center 
of the spheroid. If it is assumed that P; and P; are not on the same meridian or 
on the equator, by how much will 12. exceed 512? 

This question will be discussed by expressing the two lengths in question in 
terms of the coordinates of P, and P2, and the semi-major axis and eccentricity 
of the spheroid. With the idea of applying the results to the earth, the eccentric- 
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ity will be regarded as the principal infinitesimal, and the first few terms of the 
expansions of 512. and oy as series in positive integral powers of the eccentricity 
will be found. It will be shown that o1.—512 is an infinitesimal of order four re- 
ferred to the eccentricity, a result believed to be new. Finally, a numerical exam- 
ple will be considered. 

2. The geodesic arc. The angles 6 and ¢ indicated in the figure will be used 
as parameters. In terms of these the parametric equations of the spheroid are 


x = acos 6 cos ¢, y = acos sin ¢, ¢ sin @, 


where a and ¢ are the semi-major and semi-minor axes respectively. It is to be 
noted that the latitude A of a point on the spheroid is not equal to @ in general, 
but is connected with @ through the relation a tan \=c tan 0. 


Z 


The length of any arc on the spheroid is given by the integral 


f V (a? sin? 6 + c? cos? 6)d6? + a? cos? 6d¢?. 


It is found convenient to use @ as the variable of integration, so that an arc length 
can be expressed as the integral {Zd@, where 


L = Va? sin? 6 + c? cos? 6 + a2g’? cos? 6, ¢’ = do/dé. 


Along geodesics Lagrange’s equation 
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must be satisfied. Since 0L/d¢=0, a first integral of Lagrange’s equation is 
0L/d¢' =const., namely, 


(1) ¢’ cos? 6 = AL, 


where h is the constant of integration. This equation can be written 


ah 1 — e? cos? 0 
cos 6 @ — a*h? 
where e? = (a?—c?*)/a? is the square of the eccentricity of the spheroid. 

We may suppose that Cartesian axes have been selected so that P,; has 
¢=0 and @=6,20 for its coordinates. Further, we may suppose P: located so 
that @ increases monotonically along the geodesic from P; to P:. We will sup- 
pose also that P» is so located that along this geodesic @ increases, at least at first; 
this so that in (1’)h shall be positive. 

Let us measure the arc s of the geodesic so that s=0 at P; and s in- 
creases with ¢. This makes ds/d@>0. Since L=ds/d@, (1) can be written 
ah=a cos? 0d¢/ds; and since ds 2a cos it is clear that OSah<1. Hence 
there exists an acute angle a such that cos a=ah. In terms of a we may write 
(1’) in the form 


COS @ 1 — e? cos? 0 
(2) dp = dé 

cos 6 cos? 8 — cos? a 
If along any portion of the geodesic 6 decreases when ¢ increases, the right hand 
member of (2) must be replaced by its negative when (2) is applied to such por- 
tion. 

Equation (2) shows that ¢ and @ continue to increase together until #=a, 

at which location d9=0. This means that at 6=a, the geodesic is tangent to a 
parallel of latitude. For a certain distance beyond =a the angle ¢ continues to 
increase while @ decreases. Since in the right hand member of (1’) we may replace 
6 by —@ without altering the coefficient of d0@, we infer that the geodesic is sym- 
metric about the plane of the equator. Accordingly the geodesic undulates be- 
tween the parallels of latitude @=a and @ = —a, being successively tangent to one 


and then to the other. 
The relation between ¢ and @ along the geodesic is 


(3) -f cos — e? cos? dy, 


J 6, cos ¥\/cos? — cos? a 


and this holds for 0; $@ Sa. On the next phase of the curve we must write 
cos avV/1 — e? cos? * cos avV/1 — e? cos? py 
o= dy + d 
6, cos W\/cos? — cos? a 9 cos ¥\/cos? — cos? a 


The change in ¢@ when @ increases from 6; to a, ¢1a, is obtained from (3) by taking 


(4) 
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6=a. If in the resulting integral the change of variable sin ~=sin a cos y’ is 
made, the formula is obtained 


_vi —écosta V/1 — sink? yp 


la ’ 
COS a o 1+ tan*?asin?y 
in which 
sin 6; e? sin? a 
= arc cos — and 
sin a 1 — e®.cos? a 


Let sig designate the length of the geodesic arc from P; to the first point 
where this arc is tangent to the circle =a. It is easily found that 


= f V1 — sin? ydy 


avV/1 — e? cos? a — 16? sin? a(B; — sin Bi cos Bi) + 
(5) — + Bi cos? a — a sin B; cos Bi) + 


where in each case the terms not written are of the fourth and higher orders in 

For convenience we regard a@ as given and choose P2(¢2, 42) on the geodesic 
whose equation is (3). If P: is on the arc Sia, we have S12=Sia—S2a, While if P2 is 
on the extension of this arc beyond =a, but nut too far along, 512=Sia+Sea. We 
shall deal further with the latter situation, so that, from (4), 


cos av 1 — cos?’ y iy 
61 6 


cos ¥\/cos? — cos? a 


Sia 


If this integrand be expanded in powers of e and integrated, the series for @2 is 
obtained, 


(6) go = ¥1 + — + Bo) cosat::-, 


where 
vi = arc cos (tan 6,;/tan a), 4 = 1, 2. 


By analogy with (5) a series for s2_ can be written, and the formula for sy: is 
obtained by addition. 


= a[B1 + Bo — (61 + B2)(1 + cos? a) 
— sin? a(sin cos Bi + sin Bz cos B2)} + | 


3. The elliptic arc. The equation of the plane of the elliptic arc can be written 
as Ax+By+Cz=0 or 


(8). Aa cos ¢+Ba sin ¢+ Cc tan 0=0. 


(7) 


* In the infinite series to be used herein terms of order greater than 2 in e will be systematically 
omitted. 
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In order that this plane shall contain the points P, and P2, the coefficients A, B, 
C may be taken to be A =c sin @ tan 0;, B=c (tan 6.—tan @; cos ¢2), C= —a sings. 
From (8) we find 


sin @ = — [Av/a2(A? + B®) — 2C? tan? 6 + cBC tan 0|/a(A? + B?), 
cos @ = [By/a?(A? + B®) — tan? 6 — cAC tan 6]/a(A? + 
do = cC sec? 6d0/a(A sin ¢ — B cos 9), 


whence 
c?C? 
d¢? = dé. 
a?(A? + B?) — c?C? tan? 6 


Thus the square of the element of the elliptic arc is 
a*c*C? sec? @ | 


(9) ds? = [« sin? @ + c* cos? @ + 


It is convenient to introduce the angle 6’, which is defined to be the maxi- 
mum of @ along the elliptic arc P,P:. This angle is given by cC tan @’= 
—a(A?+B?*)'/?, It is readily found that 


(10) sin = | 


tan? 6; — 2 tan tan cos + tan* 
tan? 6, — 2 tan @; tan 62 cos dz + tan? 2 + sin? =| 

In preparation for the expansion of sin 6’ in powers of e, we find, using (6) 
sin (y1 + — 3€7(B1 + Be) cosacos (yi + y2) , 

cos (y1 + 2) + + Be) cosa sin (yi + ¥2) 
These are substituted into (10). If the relation 


sin 


COS do 


Il 


tan? 6, — 2 tan 6; tan 62 cos (yi + y2) + tan? 6. = tan® @ sin? (y: + 2), 


which is easily verified, is made use of, and the resulting expression expanded 
into a series in powers of e, the useful formula 


+ cos* (sin? a — sin? 4:)(sin? a — sin? 42) 


2 sin cos 6; Cos 6 sin (yi + Y2) 


(11) sin &’ = sina — 
is obtained. We note in passing that (11) shows that 0’ <a. 
‘ In terms of 0’ equation (9) becomes 

‘ 1 — e*(sin? 6’ — sin? @) 


sin? 6’ — sin? 0 


ds? =a 


cos? 6dé?. 


Accordingly the length of the elliptic arc P,P: is 


1 — e(sin? 6’ — sin? 6) 
Ow =a f + cos 6d6. 
sin? 6’ — sin? 


q 
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If k=e sin and and are defined by 
(12) sin 6’ cos = sin sin 0’ cos = sin 


and if the variable of integration is changed in accordance with the equation 
sin 8 = sin 6’ cos y, we find 


which is in the standard form of an elliptic integral for an elliptic arc. 
Expanding the integrand in (13) and integrating term by term yields 


(14) sin? (sin cos ¥1+sin cos } +--+], 
In order to compare this result with (7) the series in powers of e for ¥; and y2 
are needed. 
From (12) and (11) we find 
sin @; + Be) cot® @ tan 0; 
cos = 
(15) sina 2 cos 63_; sin (yi + Y2) 


-y (sin? — sin? 6,)(si..2a@ — sin?@3_;) +--+ 1,2. 


Hence 


e?(B1 + Be) cos* a tan 6; 
(16) = Bi — V/sin?a — 1,2, 
2 sin? cos 63_; sin (yi + 


and 


(17) siny; = sinB; 4 = 1, 2, 


no additional terms being needed in (17). 
From (16) we obtain 


(18) Vi + = (Bi + Bo) (1 — fe? cos?a+---), 
and from (15) and (17) 
(19) sin yi cos + sin Cos = sin cos B, + sin Bz cos B2 + , 


no further terms being needed in this expansion. 
Accordingly, combining (18) and (19) with (14), 


= a[6, + — he? (81 + B2)(1 + cos? a) 
— sin? a(sin cos + sin Bz cos |. 


This agrees with (7) so far as the written terms go, and thus completes the proof 
of our main result. 
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4. A numerical problem. In the numerical problem here described the earth 
is taken to be a spheroid with a@=3962.80 miles, c=3949.56 miles, and 
e? = .006674.* We select 0; = 30°, a=75°, and, for simplicity, 30°. 

These values give cos B,=(6'/?—21/*)/2 and cos y:=(2—3"*)/3"?, while 
k? = 006230. With these we compute 
B1 
f Paint dy = — 
0 0 


B1 


sin? ydy — f sint ydy — --- 


0 


= 6, — .0009100.f 
Further we find (1—e? cos? a)'/?=1—.0002235740. Hence 
(20) sig = 2a(1 — .0002235740)(6, — .0009100) = 2a(B, — .0011393). 


This is about 8128 miles. * 
It is now necessary to compute ¢2 from (4). We find 
Bi 
= 271 — cos a — cos (1 — sin? a cos? p)dy — 


0 


= 2y1 — .00177457. 


Because of the fact that 6:=6:, equation (10) reduces to sin 6’= 
(1+ cot? 6; cos? ¢2/2)-"/?. In our example this becomes sin 6’ = (1+3 cos? 
But 


cos ¢2/2 = cos (yi — .00088728) = cos y1 + .00087654, 
cos? = (7 — 44/3)/3 + .00027197. 


Thus sin 6’ = (8 —44/3+.00081591)-"/? =sin a—.00036745. This shows that 0’ is 
only about 5 minutes less than a, that is, the plane path has a maximum devia- 
tion of 5 minutes from the geodesic path. Consequently the geodesic path 
reaches a point about 6 miles farther north than the plane path does. 

We can now calculate y; from (12). We find cos ¥1=cos 61 +.00019699 and 
¥i=6,—.00023025. From (13) 


v1 v1 
O12. = 2a — f sin? ydy — f sint —-:-- ] 
0 0 


But k?=e? sin? 6’ =.0062225, sin? =.291740, and sint =.137753. 
Hence o12 = 2a(8; —.0011386). 
Consequently o12—512 = 2a(.0000007) miles = 29 feet. 


* These values are taken from Vega, Logarithmen, 1914. 
+ All decimal fractions are correct to the number of significant figures given. 
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QUADRATIC FORMS WITH LINEAR CONSTRAINTS 
H. B. MANN, Columbia University 


Let 


Ain 


be the matrix of a quadratic form. Let 
| 


The form f =)-{27 >-37"a;;x,x; is positive definite if and only if 


(2) h; >0 fori =1--+-n 
It is negative definite if and only if 
(2’) (— 1)‘h; > 0 fori=1---n 


A proof of this theorem can be found for instance in Kowalewski Determinan- 
tenrechnung. 

Hancock in Theory of Maxima and Minima proves: If f 
and the linear constraints of rank p, for a=1,---, p<mare given 
then f is positive for all values satisfying the constraints if and only if in the 
equation 


the coefficients Bo, Bi, - --, Bn_» all have the same sign. It is negative definite 

if the signs of the coefficients Bo, B,, - -- , Bx_» alternate. 


However a much simpler set of necessary and sufficient conditions corre- 
sponding to (2) and (2’) can be derived which, so far as the author knows, has 
not been incorporated in any textbook. 

We shall prove the following theorem: Let f=) be subject 
to the linear constraints a=1,---, p<m. Let 
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ait : aii bi 
db; O 0 
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The form f is positive for all values satisfying the constraints if and only if 
(—1)"h;>0 for i=p+1---+ mn. It is negative for all such values if and only if 


(—1)*+*h; >0 fori=p+1-- 


“nN. 


To prove this theorem we prove two lemmas. 


Lemna 1. If f and the constraints are subjected to a transformation x; =) t= 
-4=1,---,n and f and the constraints are given by is 


a=1,---, p then 


Qi, Ain 

, Onn 
h, = 
bu bin 

bot by, 


bine? 


0 


0 


Bn 


Proof. We consider the quadratic form 


n on pon 


k=] 


a=1 j=1 


Its discriminant is h,. We subject F to the transformation 


then 


n 
VikVe 


= Vnt+ a 


k=1 


n n Pp n 


which proves our lemma. 


i=1 k=1 


a=1 j=1 


Lema 2. If f ts subjected to a transformation of the form 


n 


j=l 


Viidis 


imi 


fori>m, 


#0 and hy = | 
bop | 
. . 
= 
4 
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so that y;;=0 fori >m, j <1; then 
Ym |* 

he form 2M. 


Proof. The terms of f containing x; for i>m do not contribute anything to 
the form fi =)°%,>-7.,ayyiy;. On the other hand 


n m n 
j=1 j=m+1 


The second part of the right hand side of this equation does not contribute 
anything to f{. Hence f{ is obtained from 


f= DD 
i=1 j=1 
by the transformation 
= 
j=1 

But then by Lemma 1, we have 

Yu |? 

ha = him 
Ymi*** Ymm 


We can now prove our theorem. We put 


= biti + 


bpiX1 + + 


Vi = Xj fori > p. 
The determinant of this substitution is given by 

0 0 1 0---0 |= - | =e 

bn bpp 
0 
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Since this determinant is different from 0 by hypothesis we can express the y's 
in terms of the x’s but we have 

= Vi fori >); 


hence the conditions of Lemma 2 are satisfied for m=p. We have then 
yxy; with the restrictions fora=1, ---,pand by Lemma2, 


an dm 10---0) 
0 
0 
hn =| - = ch,  form2 p. 


Applying the conditions (2) and (2’) we see that the sign of f for all values 
satisfying the constraints is determined by the signs of the determinants 


| perl, hoy2= hk, = 
But 
Pit 
hm = (— 1) hn form > p. 
For if hm is expanded by the columns m+1 - - - m and the rows m+1 - - -n we 
obtain 
pti’ * * Aptim | 
hin = (— 1)(mt2) | = (— 
Gm ptt *** Imm 


and this proves our theorem. 

It may be observed that the necessity of the conditions of our theorem but 
not their sufficiency follows also from the theorem in Hancock's book mentioned 
at the beginning of this paper. 


Ber 
i 
| 
| 
| 
| 
| 


° 


DISCUSSIONS AND NOTES 


EpITED BY MarIE J. WEIss, Sophie Newcomb College, New Orleans, La. 


The department of Discussions and Notes is open to all forms of activity in collegiate 
mathematics, except for specific problems, especially new problems, which are reserved for the 
department of Problems and Solutions. 


QUOTIENTS IN GALOIS FIELDS 
J. B. SHaw, University of Illinois 


In the Galois Field GF[p*] let « be a primitive mark and set p"—1=m, then 
x"=1. The members of the field are the various powers of x. These are also re- 
duced by the moduli to residues which are polynomials in x of degree lower than 
n. Usually these residues are the items of study. However it is interesting to 
notice also the unreduced quotients of the various powers of x by the modulus 
z=f(x), where f(x) is a polynomial properly chosen of degree n. 

Let x*=7,4+2qa, x"=1+2g. We consider g to be written with detached co- 
efficients reduced modulo p, and filled in with zeros at the beginning to make 
up m terms. Then in detached coefficients gq will be the first a terms of g, and if 
we multiply g by the residue 7. we will merely shift the first a terms cyclically 
to follow the others. For, 


= — = + Ja — 


The first term annexes a@ zeros to q, the next substitutes for these the first a 
terms of g, and the last term erases the same terms at the beginning. 

Example 1. When n=1 we have a familiar theorem in integers written on the 
base x. Thus, 


10° = 1 + 7(142857), 


and if we multiply 142857 by the residues of the powers of 10, we merely shift 
these digits cyclically. Similarly, 


10'© = 1 + 17(0588235294117647). 


The multiples of g by 1, - - - , 16 move these figures cyclically. 
Example 2. In GF[3*], z=x*+0—x+1 (3). Dividing x* by z we find the co- 
efficients of g 


001012112011100202122102 2 2. 


If we multiply this by 7s=1+1+1, we have the same set with the first 6 shifted 
to follow the others. 


434 


| 


DISCUSSIONS AND NOTES 435 


THE GAME OF NIM 
L. S. Recut, Scott Field, Illinois 


The note on the game of Nim in the January, 1942 issue of this MONTHLY is 
capable of an interesting generalization. It was established in Bouton’s article* 
that the necessary and sufficient condition that a set of » numbers x; (17m) 
represents a “losing combination” is: 

Represent each x; in the binary system, 


bin2™, 0 S bim <1. 
m=0 
Then for every fixed m, is even. 
This condition is equivalent to: 
Represent each x; in the system 2, 


j=0 
Then for every fixed j, the set of numbers a;; is itself a “losing combination” accord- 
ing to the above condition based on the binary system. 

For g=1,2, this representation is the binary and quaternary already dis- 
cussed. Thus, the numbers 0; 1,1; 2,2; 3,3; 1,2,3 lose their appearance of arbi- 
trariness. 

Proof. Represent each x; in the system 22, 


= 0S a; 27-1. 


i=0 


Represent each a;; in the binary system, 


k=0 k=0 
Then 
g—l be 
= = din 2”, m= qj + k. 
j=0 k=0 m=0 


This is the binary representation of x;. By Bouton’s above-mentioned condition, 
the numbers x; constitute a “losing combination” if and only if all the sums 
bim are even. Since the are identical with the all the suns > dim are 
even if and only if all the sums 7. 6;; are even. By Bouton’s condition again 
all the sums }>7_, 6;;. are even if and only if each of the sets of numbers a;j, 
where 7 is fixed, constitutes a “losing combination.” From which the conclusion 
follows: The numbers x; constitute a “losing combination” if and only if each of 
the sets a;;, where 7 is fixed, constitutes a “losing combination.” 


*C.L. Bouton, Annals of Math., ser. II, vol. 3, 1901, p. 35. 
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THE SHORTEST WAY FOUND QUICKLY 
W. R. RANsom AND J. V. BREAKWELL, Tufts College 


A slide rule which will calculate distance and direction for great-circle flights 
very quickly is described below. 

The data are latitude and longitude from, and latitude and longitude fo. 
Their differences are found in the usual manner, the length of the great circle is 
denoted by Z, and the angle between the track and the meridian by 6. The slide 
rule is based upon the formulas: 

hav (Z) =hav (diff. lat.) +cos (lat. from) cos (lat. to) hav (diff. long.) 
sin (@) =sin (diff. long.) cos (lat. to) csc (Z). 

The whole thing may be made from a sheet of heavy bond paper 8} by 
11 inches. For convenience it will be thought of as divided into eight equal 
strips whose boundaries will be referred to as follows (see Fig. 1): 

0 = T (top edge), 1, 2, 3 = S (the slide), 4 = M (the middle), 
5 = C (the cut), 6 = F (a fold), 7, and 8 = B (the bottom). 
The sheet is first folded (the long way) so that the top meets the bottom with 
the middle outside. Then the bottom is folded up to the middle so that the fold 
F comes outside. Next the top is folded to meet F with the slide S inside. Last, 
the fold F is brought over to meet the middle so that the crease C can be cut 
along to separate the sheet into frame, 0 to 5, and slide, 5 to 8. 

The scales are all placed on what has been referred to as the outside and may 
be described as follows: 

Along 1, above it, a double log cos scale from 85° to 0° and then (in red) 
from 0° to 85°. Twice log cos 85°= — 2.1194 and this scale is made 21.194 cm. 
long. 

Along 2, above it, a single log sin scale from 5° to 90° and back to 175°, 
numbered also (in red) as a log cos scale from 85° to 0°. This scale is to be made 
10.597 inches long to correspond with the scale on 6. 

Along 4, under it, a scale of nat hav from 0° to 180°, numbered also (in red) 
as a scale of nautical miles (100 mi.=1° 40’). This scale should be exactly 10 
inches long to correspond with the scale on 7. 

Along 6, under it, a scale of log sin to match that along 2. 

Along 7, under it but the other side up, a scale of nat hav to match that along 
4, and mark its 0° end with an arrow. 

Along 8, above it and the same side up as the scale along 7, a scale of log hav 
from 180° to 5°. Log hav 5° = — 2.72064, and this scale is therefore made 27.2064 
cm. long to correspond with the scale on 1. 

Complete directions for use are placed directly upon the appropriate scales 
as follows (see Fig. 2): 

Above the scale over 1, at the left, “Set Latitude-From over Difference-Lon- 
gitude,” and at the right, “Under Latitude-To read Auxiliary Angle.” 

Above the scale along 7, at the left, “Set Arrow over Auxiliary Angle,” and 
at the right, “Under Difference-Latitude read Length of Great Circle Z.” 
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Under the scale along 6, at the left, “Set Great-Circle-Length Z over Differ- 
ence-Longitude,” and at the right, “Under Latitude-To (red) read Course- 
Angle @.” The following note may be added: “The course is 0 if NE, 180°—8@ if 
SE, 180°+86 if SW, and 360°—6 if NW.” 

Along the inside of the fold S=3 write “This is the Runway Fold.” Along 
the upper side of F=6 write “To find Length of Great Circle, let this fold slide 
along Runway Fold.” Along the under side of C=5 write the other side up “To 
find the Course, let this edge slide along the Runway Fold.” 

To use the device, the fold F=6 of the slide is set into the fold to run along 
S=3, and the directions in sight are followed and the length of the great circle 
is found (see Fig. 3a). Then the slide is turned the other edge up and its edge 
C=5 is set into the fold to run along S=3, and the scales along 2 and 6 are used 
to find the course (see Fig. 3b). 

If made upon heavy paper, such as is used for charts, about three times as 
long and carefully ruled, such a device might furnish as much accuracy as an 
airplane can use. 

The same arrangement of slides and scales can also be labelled so as to furnish 
a quick solution for altitude and azimuth when hour-angle, declination, and 
latitude are known. 


RECENT PUBLICATIONS 


EDITED BY VIRGIL SNYDER, Cornell University 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y., and not to any of the 
other editors or officers of the Association. 


Spherical Trigonometry and Tables. By W. A. Granville, P. F. Smith, and J. S. 
Mikesh. New York, Ginn and Company, 1942. 18+60+9+43 pages. $1.25. 


The numbering of the pages in this book indicates that it is part of a text on 
Plane and Spherical Trigonometry by the same authors. There are twenty-nine 
articles preceded by an introduction containing formulas from Plane Trigonome- 
try and applications to sailing. Articles one through twenty one are essentially 
the same as are found in the 1909 edition of Granville’s Plane and Spherical 
Trigonometry. Some of the problems have been changed. But it is difficult to 
improve on that earlier edition. The remaining articles treat of applications to 
the celestial sphere and have been revised to parallel apperantly current United 
States Navy ideas on this subject. Additional problems have been added, and, 
with a set of four place tables, the book provides a thorough understanding of the 
subject. 


B. R. BEISEL 
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Analytical Geometry and Calculus. By H. B. Phillips. Cambridge, Mass., Lew A. 
Cummings Company, 1942. 10+457 pages. 


In many undergraduate curricula in mathematics the haste is so great to get 
to the calculus that less and less attention is being paid to formal courses in the 
basic material of algebra, trigonometry, and analytic geometry. This is particu- 
larly true in courses of study designed primarily for the scientific student where 
an early working knowledge of calculus is essential. Many such programs start 
with analytic geometry on the assumption that the beginning student already 
has some knowledge of algebra and trigonometry and swiftly pass on to the 
calculus. Only a few freshman courses spend anything like a year on the combined 
subject matter of algebra, trigonometry, and analytic geometry and some even 
begin with calculus itself spending time, when and as needed, on the necessary 
preliminary material. Various combination texts have been devised for such 
programs of study. 

Of recent years more and more of the regular textbooks in calculus have in- 
cluded some chapters on these fundamental topics. The book under review is of 
this type, designed, as the author states in the preface, “ . . . to provide a course 
in analytic geometry and calculus for students of science and engineering.” But 
this text is even more inclusive: it contains other topics, a study of which will be 
of extreme benefit to the scientific student. There are chapters devoted to Limits 
and Continuity (Chap. I), Determinants (Chap. V), Vectors (Chap. X), Com- 
plex Numbers (Chap. XIV), and Functions of a Complex Variable (Chap. XV). 
Other chapters cover the usual material found in a standard treatment of the 
calculus. There is no discussion of differential equations. 

Another unusual feature of this book is the large number of problems, rang- 
ing up to well over a hundred following each chapter. Answers to all problems 
are provided at the end of the book. An outstanding feature of any book by 
Phillips is the clarity of the language. There is no prolixity. Student and teacher 
alike will be pleased with the careful choice of words. They will also be pleased 
to find no mention of Duhamel’s Theorem. 

Some readers may wish to take mild issue with the order of the subject mat- 
ter. While this reviewer approves of the introduction of some elementary ideas 
of integration (Chap. III) immediately after a little differentiation (Chap. II), 
yet he prefers an extensive treatment of areas, volumes, centers of gravity, 
moments, etc. only after a discussion of multiple integration (the last chapter, 
Chap. XVIII). Throughout the book special attention is paid to “sign.” For 
example, the integral of cot u is carefully written { cot u du=In|sin u| +c. On 
page 343, second display line from the bottom, read ¢(#) instead of (1); this 
seems to be a case of broken type. The printing is well done but a few of the 
figures could be improved. One wishes that a short table of integrals had been 
included. 

C. O. OAKLEY 
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An Outline of Probability and its Uses. By M. C. Homes. Minneapolis, Burgess 
Publishing Co., 1936. 8+119 pages. $1.50. 


The author presents material on the following subjects: a priori and a pos- 
teriori probability, compound and alternative probability, permutations, com- 
binations, probability pertaining to repeated trials, hypergeometric law, fre- 
quency distribution curves, measures of central tendency, measures of disper- 
sion, skewness, Tchebycheff’s Theorem, laws of large and small numbers, Gauss- 
ian error function, probability paper, expectation, Bayes Theorem, sampling, 
probable errors of statistical constants, Stirling’s formula, Lexian Theory, Pear- 
son curves, goodness of fit, correlation, table of factorials and error function 
table. 

The author has attempted to do too much in this small book—hence the 
presentation of each topic is too brief, several of the proofs are inadequate and 
there are too few applications. The statements in several instances are incorrect 
and the problems are not thought provoking enough for a text on probability. 
In reading the first paragraph in the book one gets the impression that it is writ- 
ten primarily for students preparing to study physics, yet there are very few 
problems pertaining to physics. 

Probabi:ity paper is well explained, the diagrams pertaining to the number 
of successes in & trials are instructive and the Beta diagram is a help in inter- 
preting ideas concerning Pearson frequency curves. 

An experienced teacher can use this book with supplementary material. 

W. D. BATEN 


Plane Trigonometry with Tables. By P. L. Evans. New York, Ginn and Com- 
pany, 1941. 8+ 84 pages. $1.25. 


This text is one of the series, “Mathematics for Technical Training” and it 
may be considered to fulfill the purpose for which it is intended. The work is 
divided into nine chapters plus a supplementary chapter on the Slide Rule. This 
and the chapter on logarithms should appeal to the technical student. 

In the preface we read, “little has been omitted from the usual course.” This 
is the true case, but in some instances the result is not much more than a hand- 
book style of writing. For example, the introduction covers angle, degree, radian, 
mil, area of a sector, quadrant, rectangular and polar coordinates. Another chap- 
ter of five pages treats of the functions of one angle, inverse trigonometric func- 
tions and trigonometric equations. The drawings in the chapter on graphic rep- 
resentation and line representation of trigonometric functions are excellent. A 
complete set of tables accompanies the text. 

The book is up-to-date and it should be of great value to vast numbers of 
young people who are studying eagerly while performing important tasks in 
to-day’s world. 


B. R. BEISEL 
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An Introduction to Plane Geometry, with Many Examples. By H. F. Baker. Cam- 
bridge, England, University Press, 1943. 8+382 pages. $4.00. 


The author of the Principles of Geometry* here presents in one volume a 
rigorous course in plane synthetic geometry including conics from the modern 
point of view. To quote from the preface: “It is hoped scholarship candidates in 
our schools and first year students in our universities will be able to read this 


volume. ... Much trouble, with some repetition has been given to make the 


logical basis of the theory clear; it is hoped that this may be sufficient.” 

Two attributes are featured throughout: doing without the notion of distance 
as an axiom, developing a theory in which imaginary elements have equal stand- 
ing with real elements. 

Length is first introduced on page 233, and there as a derived notion, by 
definition. Algebra in the complex domain is freely used. 

Lines are assumed to be unlimited in extent; two lines in the same plane may 
have a point in common, or an inaccessible point; conversely, if two lines have 
an inaccessible point in common, they lie in the same plane. Every line has one 
inaccessible point; all the inaccessible points of the plane lie on a straight line, 
the inaccessible line of the plane. These notions are extended to three dimensions, 
Closure is obtained by the assumption that if two planes have a point in com- 
mon, they have another point in common. Hence any two planes always have a 
line in common. Figures are used sparingly, then simply as illustrations, not as a 
part of a proof. 

The first concept is that of incidence. A point and a line are incident when 
the point lies on the line. Duality in two and in three dimensions follows at once. 
Then follows the explanation of the symbolism of incidence, emphasizing that 
all the rules of algebraic combination are everywhere assumed, but the meaning 
of each step is carefully established. Now follow the theorem of Desargues on 
perspective triangles and the theorem of Pappus, the latter requiring an added 
axiom for its demonstration. Then its dual in the plane is presented. Now follow 
harmonic forms and involutions, with numerous illustrations and constructions 
to be made by the reader. 

Then follows a chapter which examines critically the hypotheses made in the 
symbols, and extends them to include imaginary elements. This is then applied 
to conditions that four elements are harmonic, six are in involution, and the 
whole machinery of related ranges, pencils, etc. including the cross ratio. 

The points J, J are introduced as any two points. Conics are defined as the 
locus of intersections of corresponding rays in two related pencils, and dually. 
Degenerate conics are associated with perspectivity. Pascal’s theorem now 
comes in naturally, and the determination of a tangent at any point of a conic 
and involutions on a conic, with and without real double points. 


* Six volumes. Cambridge, University Press, 1922-1933. I. Foundations.—II. Plane geometry, 
conics, circles, non-Euclidean geometry.—III. Solid geometry, quadrics, cubic curves in space, 
cubic surfaces.—IV. Higher geometry; especially four and five dimensions.—V. Analytic principles 
of the theory of curves.—VI. Introduction to the theory of algebraic surfaces and higher loci. 
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A circle is any conic through J, J and involutions having J, J as double ele- 
ments play an important role. Parametric representation of points on a conic, 
and its dual are explained in great detail. The points J, J are now taken as con- 
jugate imaginary points on the inaccessible line, and many ordinary properties 
of the circle result. 

Two lines are perpendicular if they meet the line JJ in harmonic points. 

The parabola is defined as the conic which touches the line JJ. Without 
bringing in new concepts, the focus is defined and the theorem is proved that the 
circumcircle of any three tangents passes through the focus. Most of the proper- 
ties of the parabola including poles and polars are now established. The rectan- 
gular hyperbola is then treated in similar detail, followed by an appendix on 
Feuerbach’s theorem. 

A general chapter on properties of conics includes confocal conics, defined 
as those conics touching fixed lines through JJ, now follows. This provides all 
the incidence theorems and many others ordinarily given in a comprehensive 
course in analytic geometry. 

The concept of distance is defined as follows: 

Let O be a real point not on the line JJ. Then any other real point, also not 
on IJ, can be expressed in the form P=O+£I+ J, in which &, 7 are conjugate 
imaginaries. If P’ is another real point, given by P’=O+é’I+n’J, then the 
(non-directed) distance PP’, or the length of PP’ is defined by the square root of 
(’ —£)(n’ —7n). It is independent of the point O. 

Numerous examples are given to identify this result with those of ordinary 
rectangular cartesian geometry by means of properly chosen cross-ratios and a 
convention regarding signs on the line JJ. 

But projective coordinates are usually employed in subsequent parts of the 
text. Linear transformations are considered in the ternary field, and the restric- 
tions obtained under which distance is preserved. 

Equations of conics in rectangular and in projective coordinates are sys- 
tematically treated, and interpreted both as points and as lines. 

Systems of triangles and inscribed polygons are considered by means of el- 
liptic integrals, using Abel’s theorem for parametric representation. This part 
requires a much more extensive preparation than the other parts of the book. 

This concludes the body of the book proper. No English text of this nature 
would be complete without a collection of illustrative examples, and the present 
work is no exception, 268 such examples being offered; many of them are rich in 
suggestions and references for further study. 

About fifty pages of notes are appended. These treat of the three cusp 
hypocycloid (Steiner), Morley’s construction of an equilateral derived from any 
given triangle, the configuration of the system of Pascal lines for the general case 
relations among the angles of intersection of circles, quadrilaterals circumscrib- 
ing a conic (by use of elliptic functions), and the reduced form of a ternary linear 
substitution, including its application to pencils of conics of all signatures. 
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The mechanical make-up of the book is clear, but somewhat crowded. The 
figures are very well done. They are unnumbered and never cited. The illustra- 
tive examples, which form a fairly large and very important portion of the text 
are in smaller type, requiring more of an effort to read than the main body of the 
text. 

No typographical errors were discovered. 

VIRGIL SNYDER 


An Introduction to Managerial Business Statistics. By H. P. Hartkemeier. New 
York, Thomas Y. Crowell Company, 1943. 14+ 207 pages. $1.75. 


This is a paper bound work book, punched for insertion in a ring binder and 
designed for use in a course of business statistics which requires no mathematical 
background and involves no mathematics except the arithmetic necessary to 
properly fill out the prepared “completion sheets.” The author characterizes 
the book in the preface when he says that the book, “ . . . gives directions for 
the immediate practical application of the elementary techniques which every 
business man needs, ...”’ 

: L. A. DYE 


Blueprint Reading at Work. By W. W. Rogers and P. L. Welton. New York, Sil- 
ver Burdett Company, 1942. 8+ 136 pages. $1.28. 


This book, designed to provide the basic information necessary for the 
interpretation of a blueprint, is written in an interesting and easy-to-understand 
manner. A careful study of its material by secondary school pupils or appren- 
tices in the metal working industries should develop easily the ability to read 
blueprints. 

The course treats the following topics: Three-view drawings, two-view draw- 
ings, one-view drawings, sectional drawings, screw threads and screw gears, 
cams, welding and welding practices, sheet metal layout and practices. Each 
topic is broken down into unit lessons of which there are thirty in all. Each lesson 
is composed of four parts: (1) a presentation of the problem, (2) a blueprint on 
the problem, (3) a set of questions on the blueprint, (4) a sketching problem or 
an objective test. 

The mathematics needed is very simple. It consists of the addition or sub- 
traction of common fractions whose denominators are factors of 64, the addition 
or subtraction of three-place decimal fractions, the addition or subtraction of 
angles measured in the sexagesimal system, and substitution in simple formulas. 

The book is presented in a wire binding and is printed in blue ink which gives 
it a realistic appearance. The authors have done a thorough piece of work and 
have turned out a text which merits wide usage and which will certainly find an 
important place in war-time courses. 

M. C. HARTLEY 
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The Fundamental Principles of Mathematical Statistics. By H. H. Wolfenden. 
Published for the Actuarial Society of America by the Macmillan Co. of 
Canada, Toronto, 1942. 15+379 pages. $5.00. 


This book was written to meet the needs of the actuaries. Its author states 
that “an attempt has been made to assemble and coordinate those portions of 
mathematical statistics which are really needed, both by actuarial beginners in 
their studies and by qualified actuaries in the solution of the problems which 
arise in practice.” This is supplemented by a rather extensive historical analysis 
of the development of the theory of probability, statistics, and graduation, with 
complete references to original papers. 

The form of presentation is novel. The main body of the book is only 148 
pages and is followed by three appendices: A. History, B. Mathematics and In- 
terpretations, C. Applications, altogether about 200 pages. A twenty-page 
bibliography rounds out the volume. According to the preface, “The body of the 
treatment has been designed as a condensed presentation only, from which the 
principal ideas may be acquired in an orderly and easy manner, the subsidiary 
questions being dealt with by reference to separate portions of the book.” All 
derivations are placed in appendix B and the main part of the book contains 
only a description of the problems and the results. 

The subject covered includes the binomial, the Poisson, and the normal 
distributions, theory of small samples including the methods of Student and 
Fisher, the multinominal distribution and a survey of the standard frequency 
curves extended to include the curves used in actuarial practice. This is followed 
by a short chapter on curve fitting and one on the tests of the goodness of fit. 
The following five pages on recent (italics ours) researches are hardly more than 
a syllabus of the literature. The main body of the book is concluded by an out- 
line of a course in graduation. This section is a valuable review of the literature 
for an actuary who is already familiar with his subject. Summation and inter- 
polation formulas are suppressed in the text and the subject can be compre- 
hended only by consulting the references. 

Appendix A supplies historical notes and references to the main part of the 
book with special emphasis on the development of the normal law of errors. 
This section might be valuable to those interested in the development of the 
subject from the beginning, as careful references are given to the early literature. 

Appendix B supplies the derivations omitted in the text. Appendix C pro- 
vides additional comments and illustrations, using actuarial data as material. 
The bibliography is divided into two lists, containing material of historical and 
of present value respectively. 

It seems unfortunate that a book written by an author thoroughly familiar 
with his subject should contain a number of lax and misleading statements. 
On page 8, for instance, we read that Bernoulli’s theorem may “evidently” be 
interpreted as meaning lim,...s/n=p, where p is the a priori probability of suc- 
cess and s is the number of successes in trials. The text contains terms which 
are only carelessly defined or not defined at all. 
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While great emphasis is placed on the controversies and discussions of the 
past, modern statistics is virtually excluded from the text. The analysis of vari- 
ance is given 18 lines and fiducial limits are disposed of in slightly more than a 
page. 

The book is valuable as a historical summary and as a source of references, 
but it is not suitable for study. A beginner would soon be confused by the maze 
of cross-references and the lack of logical order in presentation. He would find 
no exercises on which to test his knowledge. An advanced student would be dis- 
couraged by the lax use of mathematics and by the lack of consistent, straight- 
forward development of theory. 

We can conclude with the hope that, perhaps with the aid of the biblio- 
graphic work done in this book, a well integrated textbook on statistics will be 
written which will satisfy the mathematician as well as the educator, and will 
convey to the student the results of modern research in a clear, concise form. 


B. A. LENGYEL 


Mathematics in Human Affairs. By F. W. Kokomoor. New York, Prentice-Hall, 
‘Inc., 1942. 754 pages. $5.35. 


The author’s preface sets forth the purpose of this volume, as well as its main 
features, in the following manner: © 

“For a long time it has been the belief of the author that a book both about 
and of mathematics could be written informally and nontechnically enough to 
enable a person of average ability and with almost no previous preparation to 
master it. This book is the outcome of that belief. 

“The text starts with the simplest concepts and ends in the calculus. The gen- 
eral plan of each chapter is to present a discussion of the topic at hand, then 
give a few of its historical connections, descriptive material about it for orienta- 
tion purposes, numerous illustrations of how it enters into the work of the world, 
and a development of methods of solution. Then follows a study guide contain- 
ing suggestions, questions, and problems; and a set of fifty multiple-choice exer- 
cises, each having five possible answers, one of which is correct.” 

In the light of these statements, it is pertinent to range this book with a rap- 
idly growing body of texts which aim to make mathematics more appealing to 
the general reader. It cannot be doubted that such attempts are really caused by 
a serious educational situation. This is evidenced, for example, by the fact that 
more than twenty of our states have made the study of mathematics optional in 
the high school. As a result, many of our young people, including those entering 
college, are almost illiterate today in that field. How to deal with this lack of 
mathematical training, either at the college level or in the practical pursuits of 
everyday life, has long been a pressing problem. The war emergency did not 
create this educational crisis, but merely made it more spectacular. As a result 
there seems to be a growing conviction, at least for the time being, that the vir- 
tual elimination of mathematics from many school programs cannot be defended 
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in an age of industry, science, and technology, not to mention mechanized war- 
fare. 

Naturally, the remedies that have been proposed for the correction of this 
state of affairs differ greatly in educational soundness and in scholarly quality. 

The volume under discussion presents to the reader a series of broadly in- 
formative sketches which outline key topics chosen from the fields of arithmetic, 
algebra, geometry, trigonometry, and analytics. These are followed by a brief 
introduction to the domains of statistics, of differentiation and integration, and 
by some glimpses of “the way ahead.” Applied problems are interspersed 
throughout the text. The style is essentially that of an informal chat. Dramatic 
settings are provided by continual reference to historical backgrounds and allu- 
sions. 

An appraisal of this extensive treatise may well begin by applauding the au- 
thor’s evident intent to develop a real interest in the study of mathematics as a 
significant human enterprise, as well as some competence in dealing with basic 
mathematical concepts and techniques. Such a program, at best, represents a 
task of formidable dimensions. Even the most noted previous efforts along this 
line, such as those of Paul La Cour, Tannery, Auerbach, Colerus, Hogben, have 
left much to be desired. And the present volume, in the opinion of the reviewer, 
shares certain defects of its predecessors. Thus, while some of the topics are 
treated with commendable skill and completeness, a good deal of the material 
is so sketchy that neither real insight nor genuine power can be expected to re- 
sult. The optimistic feeling of the author that “a person of average ability and 
with almost no previous preparation” will be able to master his book is not war- 
ranted. On the contrary, much of his discussion cannot be read profitably with- 
out a foundation equivalent to three years of high school mathematics. So vast 
is the territory covered that neither coherence nor systematic growth is achieved. 
The reader is confronted with a kaleidoscope of fascinating snapshots, but es- 
sential concepts, principles, and skills are not lifted into prominence. As a result, 
a clear perspective of the framework of mathematics as a system of ideas does 
not emerge. Not infrequently, the text is too discursive. Finally, while the mul- 
tiple-choice exercises, at the end of each chapter, exhibit much variety and de- 
mand considerable versatility, many pages could readily have been saved by the 
use of more economical and equally significant types of testing. 

A number of obvious slips or typographic errors were noted. Thus, in the 
computation on page 340, the letter “b” is omitted. Again, on page 662, “dx” is 
omitted in the last paragraph. On pages 639 and 640, in sections (3) and (4) 
under Test I, the word “and” is omitted. 

In spite of the shortcomings pointed out above, which are more or less un- 
avoidable in a cursory examination of such a large field, the text will serve a use- 
ful purpose if it induces in its readers a real desire to continue their mathemati- 
cal studies. 


WILLIAM BETz 
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Differential Equations. By H. W. Reddick. New York, John Wiley and Sons, 
1943. 9+ 245 pages. $2.50. 


This is a text intended for use in both liberal arts colleges and in engineering 
schools. The applications emphasize the use of the theory in situations of especial 
interest to physicists or engineers. 

The discussion is restricted to ordinary differential equations which are of 
the first degree in the derivative of highest order, or which can be reduced to that 
form immediately. There is no mention, for instance, of Clairaut’s equation, and 
the treatment of singular solutions is limited to an incidental remark in connec- 
tion with a geometrical problem solved in the text (Article 25, Example 3). 

The author makes no attempt to give a complete mathematical discussion ; 
he entirely avoids such topics as general existence theorems. As a text in the 
formal technique of setting up and solving certain types of ordinary differential 
equations, intended primarily for undergraduates interested more in the varied 
applications of the subject than in abstract mathematical theory, it is a good 
book. Within its scope it gives reasonable attention to the demands of mathe- 
matical rigor. 

‘There is a large collection of problems, for which answers are given. The ex- 
amples solved in the text are numerous and are well chosen to illustrate effec- 
tively the topics under consideration. In the early chapters the author gives full 
explanations of these examples. The amount of detail given diminishes as the 
student progresses through the book and gains in proficiency. This is, in general, 
an excellent plan. Some instructors may feel, however, that the author is a little 
too cautious in this respect in the early part of the book, and that some of the 
explanations in this section might well be made more concise. 

The first two chapters, Preliminary Ideas and The Formation of Differential 
Equations, are devoted to such topics as general and particular solutions, and 
various methods of finding differential equations having given general solutions. 

Chapter 3, Differential Equations of the First Order, includes a discussion of 
separable equations, integrating factors, equations with homogeneous coeff- 
cients, linear equations, Bernoulli’s equation, equations with linear coefficients, 
and the equivalence of solutions. The applications discussed include a simple 
problem in dynamics, chemical reactions and chemical solutions, atmospheric 
and oceanic pressure, steady-state heat flow, electric circuits, and the tension 
in a rope wound on a cylinder. There are also some of the usual geometric appli- 
cations, including the problem of the tractrix (Article 25, Example 2). In the last 
paragraph of the discussion of this problem, the author states that the equation 


k 
ta+tC = VR y? — k cosh! — 


is unchanged when y is replaced by —y. Here & has been defined as the length of 
the tangent, and so is positive. Hence if negative values of y are to be admitted 
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it would be preferable to write the transcendental term as —k cosh—| k/,| ; this 

change can be justified from the derivation of the equation. 

Chapter 4 is devoted to, Linear Equations with Constant Coefficients. Opera- 
tional methods are used to solve the homogeneous equation. The method of un- 
determined constants and variation of parameters are each used in the treat- 
ment of the non-homogeneous equation. The applications discussed in this chap- 
ter include simple harmonic motion, damped and forced vibrations and further 
work with electric circuits. There is also a particularly interesting discussion of 
the deflection of beams, including a derivation of the differential equation. 

Chapter 5, Some Special Higher Order Equations, contains a treatment of cer- 
tain higher order equations which are solvable by special devices. These meth- 
ods are applied to the study of rectilinear motion under the inverse square law 
and to the problem of the suspended cable. 

Chapter 6 is devoted to Simultaneous Equations. Systems of two first order 
equations are discussed and the geometric interpretation is emphasized. Systems 
of two linear equations of any order are treated by an operational method. The 
motion of a projectile with resistance proportional to velocity is studied. Cyclic 
systems of differential equations are given especial emphasis, and this theory 
is applied to a specialized form of Einstein’s equations. 

Chapter 7, Series Solutions, develops the usual method of solving certain 
homogeneous linear equations of the second order by means of power series, or 
the series of Frobenius. Bessel’s equation is used to obtain the series for J, (x) for 
the case in which » is a non-negative integer. 

In reading the book the reviewer noted the following errata: 

Page 95, first line of Problem 13 (a): For Ex. 3, Art. 5, read Ex. 3, Art. 25. 
(N.B. The solution of this problem includes not only the curves obtained in 
the illustrative example cited, but also their reflections in the x-axis.) 

Page 95, last line of Problem 16. For If read Is. 

Page 128, first formula of Example 5. For d?x/dx? read d?x/d?’. 

Page 129, last line of Example 5. For 


Ymax = 4(112 — 28)112-4/3 = 26(112)-4/3 = 0.0482 ft/sec. 
read 

= 3(112 — 28)112-4/3 = 28(112)-4/* = 0.0519 ft/sec. 
Page 177, last line. For 


read 


and for 
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1 
t= ry — a) + acosh" =) 
a 


read 


t= vie — a) + a cosh"! /~). 


a 


Page 202, fifth line after formula (7). For 


w= w= iv3/2 
read 
a= — 14 i/3/2, w= —}— iv/3/2. 
Page 208, seventh line: For 
d 
wp — = kwt 
dx 
read 
d 
wp — p= kw. 
dw 
Page 215, last line. For so ution read solution. 
F. W. PERKINS 


A Primer of Formal Logic. By J. C. Cooley. New York, Macmillan Co., 1942. 
11+378 pages. $3.00. 


Dr. Cooley's book is a valuable text for introducing students to the tech- 
niques of modern symbolic logic. It is clear and yet concise. It includes full treat- 
ments of the sentential calculus and the lower functional calculus. Beyond this, 
it contains a discussion of the nature of deductive systems and a chapter on the 
definition of various classes of numbers and on the setting up of number systems. 
In the model system for logic used as an illustration, there are 15 postulates with 
the result that proofs, though complete and formal, are brief. There is an unusu- 
ally clear account of the need for some such device as a theory of types for a 
higher functional calculus, and a brief, simplified description of Russell’s theory. 
Included also are accounts of the class definition of number, and of Peano’s 
postulates for the natural number system. 

The book has the advantage of being replete with everyday examples of the 
abstract forms being treated. Extensive and valuable exercises for each chapter 
add still more concrete illustrative material. The author leaves unmentioned 
the many philosophical problems connected with the developments he covers, 
and concentrates on the treatment of logic as an abstract symbolic calculus. 

C. A. BAYLIs 
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Basic College Mathematics. A General Introduction. By C. W. Munshower and 
J. F. Wardwell. New York, Henry Holt and Co., 1942. 11+ 606 pages. 


This first year college mathematics text presents material for a unified course 
covering algebra, trigonometry, analytical geometry, and the elements of the 
calculus. As the authors state in their preface, this book is intended to serve 
either for a terminal course or for an introduction to a course in the calculus. 
The book achieves a unification of the subject matter through the concept of 
function. There is nothing new in this treatment, but it is the opinion of the 
reviewer that the authors have done an unusually good piece of work both with 
respect to organization and presentation of the traditional topics of freshman 
mathematics. 

First, there is a rather long introductory chapter which contains a review 
of certain elementary ideas and an introduction to several new concepts, such 
as: rate of change, mathematical induction, infinite sequences and infinite series. 
Chapters II to VII, inclusive, develop all the basic theory of simple algebraic 
functions usually found in analytic geometry, college algebra and the calculus 
(the analysis of implicit functions of the second degree is postponed until a 
much later chapter). The concepts of limit, derivative, differential, integral as 
anti-derivative, and the differential equation are all introduced in chapter III 
in connection with simple power functions. Integration as summation is also 
presented in an early chapter. After a study of transcendental functions, the 
conics, and the fundamentals of geometry of functions of three variables, the 
authors conclude with a chapter on determinants and one on permutations, 
combinations, and probability. Following the answers to odd-numbered prob- 
lems is a collection of tables and a group of reference formulas. 

The reviewer believes that this is both logically and pedagogically a sound 
text. It is truly unified and not a mere collection of topics as are many so called 
“unified” texts. The illustrative material is clear and interesting. The book con- 
tains a wide selection of problems from business, economics, military science, 
navigation, psychology and sociology. Pedagogically, the chief criticism of the 
book is the difficulty which the introductory chapter presents to a student new 
to the subject matter. It seems to the reviewer that some of the material con- 
tained in the long chapter might have been saved for a later chapter. Certainly 
it would have been wiser to have deferred mathematical induction and the proof 
of the binomial theorem. 


ROBERTA F. JOHNSON 


Plane Trigonometry, Solid Geometry, and Spherical Trigonometry. (With tables.) 
By W. W. Hart and W. L. Hart. Boston, D. C. Heath and Company, 1942. 
7+280+129 pages. $2.60. 


This book, which is as well written as one familiar with the Hart textbooks 
would expect, is designed to meet a very evident present day need. It stresses the 
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practical applications of trigonometry and solid geometry without sacrificing 
any material necessary in the background of a student wishing to continue with 
college mathematics. A knowledge of high school algebra and plane geometry is 
presupposed. 

Somewhat more than half of the book, which is divided into three parts, is 
devoted to a complete course in plane trigonometry with a brief chapter on polar 
coordinates. The second part, approximately sixty pages, contains theorems and 
exercises on planes, lines, and spheres in space and an appendix listing the impor- 
tant theorems of plane geometry. The third part is devoted to spherical trigo- 
nometry with some applications to navigation. 

It seems to the reviewer that this book, the whole, or in part, could well be 
used as a preliminary course for students who wish to study navigation. To cover 
the book completely would necessitate a five-hour semester course. However, 
the material is so arranged that parts could easily be omitted should a shorter 
course be desired. 

BEATRICE L. HAGEN 


Table of the Coefficients of Everett's Central-Difference Interpolation Formula. 
(Tracts for Computers, No. V, Department of Statistics, University of Lon- 
don, University College.) By A. J. Thompson. Second edition. Cambridge 
(England), University Press, 1943. 8+32 pages. 5 shillings. 


Everett's formula uses the differences of even order in the horizontal lines 
through two consecutive tabular entries in a diagonal difference table. When 
carried out through differences of order 2k, it represents a polynomial of degree 
2k+1 coinciding with the tabulated function values for 2k +2 values of the argu- 
ment symmetrically distributed with respect to the interval in which interpola- 
tion is to be performed. This polynomial naturally is uniquely determined by 
its interpolating property, except as to mode of representation. The Everett 
form, written in terms of two variables whose sum is unity, has notable advan- 
tages in the way of symmetry of structure and convenience of application. It 
can be obtained from the Gauss formula which fits for the values 0, 1, —1, 2, —2, 
3, ...of the argument successively, by replacing each difference of odd order in 
the Gauss formula by its expression in terms of the even differences of the next 
lower order. 

The main table of the Tract under review gives the coefficients by which 
the second, fourth, sixth, and eighth differences are multiplied in Everett’s 
formula, to ten decimal places, with second differences, for values of the argu- 
ment from 0 to 1 at intervals of .001. Supplementary tables give coefficients 
of higher order and a larger number of decimal places, in many cases terminating 
decimals at full length, for a smaller number of values of the argument, also 
values for use near the beginning or end of a table, where the “central” differences 
required for the ordinary use of the formula are not available. “In this new edi- 
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tion,” according to the Foreword of the Editor, E. S. Pearson, “the arrangement 
of the fundamental Table I has been altered so that all the coefficients for any 
three-decimal interpolation appear on the same line, at one opening. A column 
giving the coefficients of the eighth order has been added. The remaining tables 
are new and will, it is believed, be found useful in a variety of more specialized 
problems.” An Introduction gives suggestions for the systematic treatment of 
problems in which something more than direct substitution in the formula is 
required. 


DUNHAM JACKSON 


Essentials of Plane and Spherical Trigonometry. By A. H. Sprague. New York, 
Prentice-Hall, Inc., 1942. 94-169 pages. $1.35. 


In keeping with the times this book is brief, practical, and clear; yet it is 
thorough enough to cover completely the essentials of plane and spherical trigo- 
nometry. 

The reviewer is impressed with the minimum of abstract theory and with 
the problems presented and the development of the formulas. The essential areas 
have been covered in such a way as to gain a mastery of the subject matter in a 
moderately short time. Its very compact size and completeness appeal to me 
greatly and the problems and illustrations are clear and to the point. The author 
has been able to combine brevity and completeness in the right proportion. 

No previous knowledge of logarithms is assumed and the first chapter is 
devoted to the study of exponents and logarithms. The trigonometric functions 
of an acute angle are defined and sufficient applications are given to familiarize 
the student with the subject before the functions of the general angle are intro- 
duced. 

The author stresses the law of sines and the law of cosines and has included 
an excellent table of squares and square roots that serve as adequate tools for 
the solution of the oblique triangle. In deference to usage, however, he has added 
a chapter on supplemental topics that contains the usual law of tangents, the “r” 
formulas, and a discussion of circular measure. An excellent feature is that the 
fundamental formulas and identities are placed in a single chapter, and abun- 
dant problem material on solving identities is included. 

The usual material, treated as simply as possible, is included in the division 
on spherical trigonometry. There is an excellent derivation of the cosine-haver- 
sine law with problems illustrating its use. Four place tables of haversines and 
logarithms of haversines are included. The section on terrestrial and celestial 
spheres together with the problems included should be of interest to the student 
of aviation and navigation. 


Four place tables of logarithms and of the trigonometric functions are in- 
cluded. 


W. B. Moye 
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NEW BOOKS RECEIVED 


Plane Trigonometry with Tables. By D. H. Ballou and F. H. Steen. Boston, 
Ginn and Co., 1943. 6+84 pages. $2.00. 

College Physics. Revised Edition. By H. A. Perkins. New York. Prentice- 
Hall, Inc., 1943. 10+593 pages. $4.00. 

Basic Mathematics for Aviation. By F. Ayres, Jr. Boston, Houghton Mifflin 
Co., 1943. 225 pages. $2.35. 

Concise Spherical Trigonometry with Applications and Review of Solid Geom- 
etry and Plane Trigonometry. By J. R. Hammond. Boston, Houghton Mifflin 
Co., 1943. 13+256 pages. $2.20. 

Elementary Statistical Methods. By Helen M. Walker. New York, Henry Holt 
and Co., 1943. 15+368 pages. $2.75. 

The Slide Rule and Logarithms. By E. J. Hills. Boston, Ginn and Co., 1943. 
14+108 pages. $0.75. 

An Introduction to Managerial Business Statistics. By H. P. Hartkemeier. 
New York, Thomas Y. Crowell Co., 1943. 14+ 207 pages. $1.75. 

Vector and Tensor Analysis. By H. V. Craig. New York and London, Mc- 
Giaw-Hill Book Co., Inc., 1943. 14+434 pages. $3.50. 

Miscellaneous Physical Tables. Planck's Radiation Functions and Electronic 
Functions. New York, Work Projects Administration, 1941. 7+61 pages. $1.50. 

Applied Mathematics for Technical Students. By M.S. Corrington. New York 
and London, Harper and Bros., 1943. 12-+-226 pages. $2.20. 

Mathematical Statistics. By S. S. Wilks. Princeton University Press, 1943. 
12+ 284 pages. $3.75. 

Elementary Mathematics for the Machine Trades. By J. J. Weir. New York 
and London, McGraw-Hill Book Co., 1943. 8+193 pages. $1.60. 

Basic Physics for Pilots and Flight Crews. By E. J. Knapp. New York, Pren- 
tice-Hall, Inc., 1943. 6+118 pages. $1.25. 

Essentials of Plane and Spherical Trigonometry. By C. Bell and T. Y. Thomas. 
New York, Henry Holt and Co., Inc., 1943. 6+152 pages. $1.80. 

Analytical Geometry of Three Dimensions. By W. H. McCrea. Edinburgh and 
London, Oliver & Boyd, Ltd.; New York, Interscience Publishers, Inc., 1942. 
7+144 pages. $1.75. 

Infinite Series. By J. H. Hyslop. Edinburgh and London, Oliver and Boyd, 
Ltd.; New York, Interscience Publishers, Inc., 1942. 11+ 120 pages. $1.75. 

An Introduction to Plane Geometry with Many Examples. By H. F. Baker. 
Cambridge, The University Press; New York, The Macmillan Co., 1943. 84+ 382 
pages. $4.00. 

Manual de Estadistica Vital. By F. E. Linden. Montevideo, 1942. 13+76 
pages. 

Selected Topics in Higher Mathematics for Teachers. Association of Teachers 
of Mathematics, 1943. 107 pages. $0.50. 

The Mathematics of Physics and Chemistry. By H. Margenau and G. M. 
Murphy. New York, D. Van Nostrand Co., Inc., 1943. 12-+581 pages. $6.50. 
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PROBLEMS AND SOLUTIONS 


EpITED BY OTTO DUNKEL, ORRIN FRINK, JR., AND H. S. M. COXETER 


ELEMENTARY PROBLEMS 


Send all communications concerning Elementary Problems and Solutions to H. S. M. 
Coxeter, 24 Strathearn Boulevard, Toronto 10, Canada. 

The department of Elementary Problems welcomes problems believed to be new, and 
demanding no tools beyond those ordinarily furnished in the first two years of college 
mathematics. To facilitate their consideration, solutions should be submitted on separate, 
signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E581. Proposed by D. K. Kazarinoff, University of Michigan 

A farmer died and left his two sons a herd of cattle which they sold. The num- 
ber of dollars received per head was the same as the number of heads. With the 
proceeds of the sale the sons bought sheep at $10 each and one lamb for less 
than $10. The sheep and the lamb were divided between the two brothers so that 
each received the same number of animals. How much should the son who re- 
ceived only sheep pay to the son who received the lamb in order that the division 
should be equitable? 


E 582. Proposed by V. Thébault, San Sebastidn, Spain 


Find a square of ten digits such that the two numbers formed by the first 
five and last five digits are consecutive. 


E 583. Proposed by N. A. Court, University of Oklahoma 

Given four spheres (A), (B), (C), (D), with centers A, B, C, D, let a plane 
parallel to ABC cut DA, DB, DC in points U, V, W. Show that the radical axis 
of the three spheres having U, V, W for centers and coaxal with the respective 
pairs of spheres (D) and (A), (D) and (B), (D) and (C), coincides with the radical 
axis of the spheres (A), (B), (C). 


E 584. Proposed by C. O. Oakley, Haverford College 
(a) Find the smallest integer N such that, if the units digit is transposed 
from right to left, a number is obtained where M=5N. 


(b) Find the largest integer which satisfies these conditions (without com- 
plete repetition of digits). 


E 585. Proposed by A. H. Stone, Purdue University 

Let a circle with center O meet the sides BC, CA, AB of a triangle in the 
pairs of points X and X’, Yand Y’, Z and Z’. Let M be the Miquel point of 
X YZ (i.e., the point of concurrence of circles A YZ, BZX, CX Y), and M’ be that 
of X’Y’Z’. Prove that OM=OM’. 
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If, further, the lines AX, BY, CZ concur, say in P, and consequently the 
lines AX’, BY’, CZ’ concur, say in P’, prove that PP’ and MM’ are parallel. 


SOLUTIONS 
An Integral-valued Function 

E 546 [1942, 683]. Proposed by W. E. Buker, Pittsburgh Public Schools 

Show that 3x5+ }3x3+ 5x is an integer for every integral value of x. 

I. Solution by L. R. Ford, Illinois Institute of Technology. We can prove the 
following general theorem. If a polynomial f(x) of degree m has integral values for 
m+1 successive integral values of x, then it is integral for every integral value of x. 

Let f(x) be integral for the integral values a, a+1,---, a+m. We form 
a difference table based on these values. All the entries in this table are formed 


by repeated subtractions and so are integers. Using Newton’s interpolation for- 
mula, we have 


n n 
fla +n) = fla) + mafia) + (% +--+ 
If m is an integer, the binomial coefficients (7) are integers. The second member 
is thus a sum of products of integers, and so is an integer. This establishes the 
theorem. 


fa) = + + 

then 
f0)=0, f+1I)= +1, f(+2)= +10, f(t 3) = + 59, 

and the theorem applies. 

II. Solution by H. M. Gehman, University of Buffalo. Since 

3x5 + 5x3 ++ 7x = 3(x — — 1)a(x + 1)(x + 2) 
+ — 1)x(a + 1) + 152, 
we need only the theorem that the product of consecutive integers is divisible 
by n, to see that the number 
+ Sx? + 7x)/15 = + + 

is an integer. 

III. Solution by C. F. Strobel, North Carolina State College of Agriculture and 
Engineering. The statement is true for x =0. We will assume it true for x=n (a 


non-negative integer), and prove that an integer is obtained for x=n+1. Ex- 
panding 


f(n + 1) = + + + 1)8 + + 1) 
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and collecting terms, we get 
f(n +1) = (305 + + yen) + + + 3n? + 2n + 1). 


The first bracket contains an integer by assumption. The second contains a 
polynomial with integral coefficients. Thus f(m+1) is an integer. 
For negative values of x we need only observe that f(—) = —f(n). 


IV. Solution by Alan Wayne, Flushing, New York. Write the function in the 
form 3(x5—x) +43(x3—x)-+«. Then by Fermat’s Theorem (which says that «?—x 
is divisible by p if p is prime), the function is an integer for integral x. 

Also solved by R. K. Allen, D. H. Browne, William Douglas, D. M. Dribin, 
J. D. Elder, C. W. Emmons, Howard Eves, S. E. Field, W. L. Fields, W. C. 
Foreman, R. E. Greenwood, B. Hamming, Free Jamison, Irving Kaplansky, 
Meyer Karlin, Elmer Latshaw, William McGavock, Walter Penney, S. G. Roth, 
W. C. Rufus, E. D. Schell, J. E. Sherwood, H. E. Spencer, E. P. Starke, E. E. 
Strock, W. R. Utz, G. A. Williams, and the proposer. 


ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, 
Washington University, St. Louis, Mo. All manuscripts should be typewritten, with double 
spacing and with margins at least one inch wide. 

Problems containing results believed to be new or extensions of old results are espe- 
cially sought. The editorial work would be greatly facilitated, if, on sending in problems, 
proposers would also enclose any solutions or information that will assist the editors in 
checking the statements. In general, problems in well known textbooks or results found 
in readily accessible sources will not be proposed as problems for solution in this depart- 
ment. In so far as possible, however, the editors will be glad to assist members of the Asso- 
ciation in the solution of such problems. 


PROBLEMS FOR SOLUTION 


4089. Proposed by J. H. Butchart, Grinnell College 


The tangent to Kiepert’s hyperbola at a vertex of the triangle is the har- 
monic conjugate of the symmedian with respect to the altitude and median from 
that vertex. It meets the corresponding side of the medial triangle at a point on 
the tangent to the hyperbola at the centroid. 


4090. Proposed by N. A. Court, University of Oklahoma 


The polar plane, with respect to the “quasipolar” sphere of a tetrahedron 
(T), of a point on the circumsphere of (7) trisects the segment joining the Monge 
point of (7) to the diametric opposite of the given point on the circumsphere. 

Note. The “quasipolar” sphere (Q) of a tetrahedron (7) has for its center the 
Monge point M of (T) and for the square of its radius one third of the power of 


M for the circumsphere (O) of (TJ). See Bull. Am. Math. So. vol. 48, 1942, p. 
583. 
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4091. Proposed by Morgan Ward, California Institute of Technology 


Given the three series 


3? gi8 
+ -— 
2:4-5  2-4-6:8-9 2-4-6-8-10-12-13 
23 gil gid 
2-3  2-4-6-8-10-11 2-4-6-8-10-12-14-15 
2? 26 gid 
1-20 1:3-5-6 1-3-5-7-9-10  1-3-5-7-9-11-13-14 


prove that the sum of the squares of the first two series is double the third series. 


4092. Proposed by V. Thébault, San Sebastian, Spain 


For the triangle A BC let (Ai, Bi, Ci), (A2, Be, C2), -- +, (An, Ba, Cn) be the 
centers of squares constructed exteriorly (or interiorly) on the sides (BC, CA, 
AB), (BiCi, CiAi, A1Bi), (BaCn, CraAn, AnBn) of the corresponding tri- 
angles. (1) Show that the center w of the circle orthogonal to the circles with 
cerntters A, B, C and radii B,C, C1A1, AiB, coincides with the center of the nine 


point circle of ABC. (2) Find the locus of centers we, w3, -- +, @, of the circles 
orthogonal to the circles with centers A, B, C and with radii (B2C2, C.A2, A2Bs), 
(B3Cs, C3As3, A;3B3), Cuba A,B,). 


Correction. In the first line of 4079 [1943, 264] replace “complexes” by “sim- 
plexes.” 


SOLUTIONS 
Similar Triangles on Sides of a Quadrilateral 
4034 [1942, 263]. Proposed by V. Thébault, San Sebastidn, Spain 


On the sides AB, BC, CD, DA of a convex quadrangle A BCD equilateral tri- 
angles with vertices A’, B’, C’, D’ are constructed exteriorly (or interiorly). 
Show that the diagonals A’C’ and B’D’ of quadrangle A’B’C'D’ are perpendicu- 
lar (or equal) according as the diagonals AC and BD of ABCD are equal (or 
perpendicular), and conversely. 


Solution by J. R. Musselman. In this MONTHLY vol. 40 (1933) p. 159, I 
proved that if we construct externally on the sides of a positive n-gon of type M 
directly similar triangles, their ” vertices would form a positive m-gon of type 
M. The converse is also true. For »=4, the n-gon is a pseudo-square, i.¢., a 
quadrilateral whose diagonals are both equal and perpendicular, and the theo- 
rem would read: If on the sides of a positive ordered pseudo-square we construct 
directly similar triangles, their four vertices are a positive pseudo-square. The 
converse is also true. 

Let us denote the coordinates of the points A, B, C, D, by the complex 


‘ 
’ 
i 
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numbers a, b, c, d respectively, and let the triangles all be similar to some tri- 


angle X,X2X3 whose vertices have the coordinates x1, x2, x3. It follows that 


a’ b a b 
X2 =| Xe = | Xo =] = O, 
whence 
c—a d-b c-a d’—c' a-c 
x1 Xe x3 x1 Xe x3 = Q, 
1 1 1 1 1 1 
or 
(%2 — x3)(c’ — a’) = (x3 — 11)(b — d) + (a1 — — 
and 


(x2 — 3)(d’ — c’) = (x3 — — a) + (41 — (b — dd). 
If the diagonals A’C’ and B’D’ are to be equal, then 


(1) a1) (b—d)+(«1— x2)(a—0) [(#s— #1)(b—d) +(#1— #2)(a—6) | 


22) (b—d) | [(#s— #1) (€—4) + (#1 — #2) (b—d) J. 


This will be satisfied for arbitrary X,X2X3 if 


(1a) (b — d)(b — d) = (c — a)(é — 4), 
and 
(1b) (6 — d)(a — é) = (c — a)(b — d), 


which state that AC and BD are equal and perpendicular. 
If the diagonals A’C’ and B’D’ are to be perpendicular, then 
(2) x2)(a—c) ] [(#3— + (41 — #2) (b—d)] = 
[(as— a1)(a—c) + (x1 — (d—b) ] 41) (b—d) + (41 — 0). 
This will be satisfied for arbitrary X,X2X;3 if 


(2a) (6 — d)(a — é) = (c — a)(b — d) 
and 
(2b) (b — d)(b — d) = (c — a)(é — @). 


Therefore if we construct directly similar triangles on the sides of the quad- 
rilateral ABCD the condition that the diagonals A’C’ and B’D’ be either equal 
or perpendicular implies that AC and, BD be both equal and perpendicular and 


: 4 
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hence, from my earlier theorem, A’C’ and B’D’ cannot be equal without being 
perpendicular, or cannot be perpendicular without being equal. 

It is possible to choose particular triangles X;X2X3 so that the condition of 
equality of A’C’ and B’D’ does not imply perpendicularity. For condition (1a) or 
(2a) will not exist if 


(x1 — %2)(#1 — = (x3 — — #1) 
which implies X,X;=X,X_. Consequently we have the theorem: 


If we construct exteriorly (or interiorly) similar isosceles triangles on the sides of a 
quadrilateral ABCD, the diagonals A’C' and B’D' will be equal if AC and BD are 
perpendicular; the diagonals A'C’ and B'D’ will be perpendicular if AC and BD 
are equal. 


Secondly conditions (1b) and (2b) will not hold if 
(x3 — x1)(41 — = (x2 — — 


which implies that X,X2X;3 is a right triangle with a right angle at X;. Conse- 
quently we have: 


If we construct exteriorly (or interiorly) directly similar right triangles on the sides 
of ABCD as hypotenuses, the diagonals A’C’ and B'D’ will be equal if AC and 
BD are equal; the diagonals A'C’ and B’'D’ will be perpendicular if AC and BD 
are perpendicular. 


The converses of these two theorems may be proven. 

Thirdly, conditions (1a) and (1b) or (2a) and (2b) will be automatically 
satisfied for the particular triangle X,X2X;; if it be an isosceles right triangle with 
right angle of X;. This exceptional case gives the theorem: 


If we construct exteriorly (or interiorly) directly similar isosceles right triangles 
on the sides of any quadrilateral ABCD as hypotenuses, the vertices of the right 
angles forming a quadrilateral A'C’B'D’, then the diagonals A’C' and B'D’' are 
always equal and perpendicular independently of any relation between the diagonals 
AC and BC. 


Solved also by Howard Eves. 

Editorial Note. The proposer stated that the theorem of the problem is an 
application of more general theorems which will appear in the Annales de la 
Société Scientifique de Bruxelles. Eves used rectangular coordinates in his proof 
of the theorem of the problem. We could also use vectors or complex coordinates, 
and it requires just a trifle more labor to generalize the problem for directly 
similar triangles in place of equilateral. It may appear simpler to use complex 
coordinates and to state the results in vector form as follows. Let a, b, c, d be 
the complex coordinates of A, B, C, D in positive order of rotation, forming a 
quadrilateral, convex or not. Directly similar triangles are constructed exteriorly 
(or interiorly) on its sides, for example the triangle ABA’ with angle BAA’=6, 
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—aS6<z7, and with the ratio of lengths of sides AA’/AB=p>0. Then a’ 
=(1—pdr)a+pnrb, \=e*; and we find that 

(B’D’)? — (A’C’)? = (1 — 2p cos 6)(BD? — AC*) + 4p(p — cos 0)BD-AC, 

= p(cos 6 — p)(BD® — AC?) + (1 — 2p cos @)BD- AC, 
where the - means the scalar product of the indicated vectors. The determinant 
of the coefficients of the right-hand members of the equations is zero if and only 
if each coefficient is zero, and then p =cos 0 = \/2/2. This exceptional case gives 
the theorem at the end of the above solution. A discussion of the remaining cases 
is easy. 
A Family of Surfaces 
4028 [1942, 202]. Proposed by P. D. Thomas, Norman, Oklahoma 


Find the equation of a family of surfaces, each surface satisfying (OP)? 
= (OQ), where O is the origin, P is any point on the surface, and Q is the point 
in which the normal to the surface at P meets the xy-plane. 

Find the envelope of the family. 


Solution by the Proposer. The points P and Q have coordinates (x, y, 2) and 
(x+pz, y+qz, 0) respectively, where p=0z/0x, g=0z/dy. Imposing the given 
condition gives 


y? + 2? = x? + + p22? + y? + 2yq2 + 
which reduces to 
(1) F = 2(1 — p? — q®) — 2(px + qy) = 0. 
To solve the partial differential equation (1) employ the Charpit equations, 
dx dy dz — dp — dq OF 


Consider the third of these equations, supplying the values of the partials from 
(1). This equation is 
(4) dz/(— 2p’z — 2px — — + dp/ — p(1+ p? +9’) = 0. 


The denominator of the first member of (4) may be written —2(1+?+q?) in the 
light of equation (1). Hence (4) becomes dz/—2(1+ +dp/—p(1+p2+¢?) 
=0, or simply dz/z+dp/p=0, and integrating we find that p=a/z. This value 
of » placed in equation (1) and the resulting equation solved for g gives 


and using dz= pdx +qdy, we get 


% 
q 
| 
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ydy — adx + 2dz 
+ (y? — + s* — 


and integrating, +(y?—2ax+z2?—a?)"/?=y+b. Rationalizing this last result 
gives 


2? = 2ax + 2by + a? + B’, 


a two-parameter family of parabolic cylinders. The elimination of p and g among 
F=0, F,=0, F)=0, gives for envelope the isotropic cone x?+y?+2? =0. 


NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending 
news ttems to B. W. Jones, White Hall, Cornell University, Ithaca, New York. 


Professor A. A. Albert of the University of Chicago has been elected to 
membership in the National Academy of Sciences. 

Professor Emeritus Arthur Pelletier of the Ecole Polytechnique in Montreal 
has received the honorary degree of Doctor of Mathematics from the University 
of Montreal. 

Dr. O. B. Ader and Dr. F. C. Gentry have been appointed visiting assistant 
professors at the University of New Mexico. 

Professor R. C. Archibald of Brown University has become professor emeri- 
tus. 

Assistant Professor R. G. Archibald of Queens College has been promoted 
to an associate professorship. 

Assistant Professor H. R. Cooley of New York University has been promoted 
to an associate professorship. 

Professor D. R. Curtiss of Northwestern University has become professor 
emeritus. 

Assistant Professor Nelson Dunford of Yale University has been promoted 
to an associate professorship. 

Dr. Paul Erdés has been appointed visiting lecturer at Purdue University. 

Associate Professor J. S. Frame of Allegheny College has been appointed 
professor of mathematics and head of the department of mathematics at Michi- 
gan State College. 

Dr. Abe Gelbart of North Carolina State College, Dr. P. R. Halmos of the 
University of Illinois, and Dr. Hans Samelson of the University of Wyoming 
have been appointed assistant professors at Syracuse University. 
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Assistant Professor J. W. Green of the University of Rochester has been 
appointed mathematician at the Aberdeen Proving Grounds. 

W. R. Hardman and Dr. Ivan Niven of Purdue University have been pro- 
moted to assistant professorships. 

Professor W. L. Hart, who was on leave of absence from the University of 
Minnesota, has returned to that institution. 

Associate Professor W. L. Hutchings of Rollins College has been appointed 
to an associate professorship at Whitman College, Walla Walla, Washington. 

C. J. Kirchen of State Teachers College, Mankato, Minnesota, has been 
appointed product control statistician at the U. S. Rubber Company Ordnance 
Plant, Eau Claire, Wisconsin. 

W. A. Lafferty has been appointed teacher of mathematics at John Bur- 
roughs School, Clayton, Missouri. 

Miss Mary Ann Lee has been appointed teaching assistant at Cornell Uni- 
versity. 

Dr. B. A. Lengyel of the College of the City of New York has been appointcd 
to an assistant professorship at the University of Rochester. 

Associate Professor C. I. Lubin of the University of Cincinnati has accepted 
a position with the Kellex Corporation of New York City. 

Assistant Professor W. T. Martin of Massachusetts Institute of a 
has been appointed head of the department of mathematics at Syracuse Uni- 
versity. 

Associate Professor A. F. Moursund of the University of Oregon has been 
promoted to a professorship. 

Professor Ruth M. Peters has been granted a leave of absence from Lake 
Erie College to serve as a research mathematician of the Applied Mathematics 
Group at Columbia University. 

Dr. S. E. Rauch of Santa Barbara Teachers College and Dr. A. E. Poole of 
Montana School of Mines have been appointed assistant professors of mathe- 
matics and physics at the University of Oregon. 


Dr. P. C. Rosenbloom of Brown University has been awarded a National | 


Research Fellowship on a participating basis at Indiana University for the 
year 1943-44. 

Assistant Professor F. C. Smith of the College of St. Francis in Joliet, Illi- 
nois, is now in the actuarial department of the Lincoln National Life Insurance 
Company in Fort Wayne, Indiana. 

Assistant Professor F. H. Steen of Allegheny College has been promoted to 
an associate professorship and appointed head of the department. 

Professor J. L. Synge of the University of Toronto has been appointed chair- 
man of the department of mathematics at Ohio State University to replace Pro- 
fessor H. W. Kuhn who has retired. Also he has been elected a fellow of the 
Royal Society. 

Dr. A. D. Wallace of the University of Pennsylvania has been promoted to 
an assistant professorship. 


&- 
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Assistant Professor G. C. Vedova of the University of Maryland has been 
appointed visiting associate professor at Haverford and is teaching in the pre- 
meteorological unit of the army air corps quartered there. 

Dr. Max Wyman of the National Research Council of Canada has been 
appointed lecturer in mathematics at the University of Alberta. 

Dr. Leo Zippin of Queens College has been promoted to an assistant profes- 
sorship. 

The following appointments to instructorships are announced: 

Cornell College (Naval Flight Preparatory School): Frances Freese 

New Mexico State College (Army Specialized Training Program): N. W. 
Wells (instructor in physics) 

New York University: Dr. P. B. Norman 

Purdue University: Paul Irick, Dr. W. P. Reid 

Reed College: Dr. R. W. Shephard 

U. S. Navy Pre-flight School (Chapel Hill, N. C.): C. W. Trigg 

University of Buffalo: Dr. Paul Civin, Ruth A. Brendel 

University of Minnesota: Ernest Johnston 

University of Oregon (Army Programs): Mrs. Esther F. Alkire, G. R. 
Costello, Mrs. Lola R. Hamilton, Bessie V. Kamarad, Mrs. Jeannette Lund, 
Marie Ridings, J. J. Rowland, W. G. Scobert. 

Yale University: Dr. S. P. Avann, Dr. W. H. Durfee, Dr. C. E. Rickart. 

Professor Guido Fubini, formerly professor of mathematics at the University 
of Turin and since 1939 a member of the Institute for Advanced Study, died on 
June 6, 1943. 

Professor Emeritus G. A. Harter of the University of Delaware died July 22, 
1943. 

Dr. H. E. Hawkes, professor of mathematics at Columbia University and 
dean of the college, died on May 4, 1943. He was a charter member of the 
Mathematical Association. 

Professor R. L. Menuet of Tulane University died on May 9, 1943. 

Dr. W. H. Metzler, formerly professor of mathematics and dean of the Grad- 
uate School of Syracuse University and later dean of the State Teachers College 
at Albany, N. Y., died on April 18, 1943. 

Professor Emeritus W. F. Osgood of Harvard University died July 22, 1943. 
He was a charter member of the Mathematical Association. 

H. M. Showman, lecturer and registrar of the University of California at 
Los Angeles, died June 24, 1943. He was a charter member of the Mathematical 
Association. 

Professor Emeritus Clara E. Smith of Wellesley College died on May 12, 
1943. She was a charter member of the Mathematical Association. 

Professor Emeritus H. S. White of Vassar College died May 20, 1943. 

Dr. J. E. Williams, professor of mathematics and dean of the faculty of 
Virginia Polytechnic Institute, died on April 19, 1943. He was a charter member 
of the Mathematical Association. 
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WAR INFORMATION 


EpITED By C, V. NEwsoM 


Send news reports upon the utilization of mathematicians or mathematics in war activi- 
ties to C. V. Newsom, University of New Mexico, Albuquerque, New Mexico. 


THE UNITED STATES ARMED FORCES INSTITUTE 


In recognition of the educational needs of men in the armed forces, the War 
Department established the Army Institute at Madison, Wisconsin, in March, 
1942. Personnel of the United States Navy, the Coast Guard, and the Marine 
Corps were also eligible to enroll for courses. In February, 1943, the name was 
changed to the United States Armed Forces Institute. Since that time the In- 
stitute has provided an opportunity for personnel of the armed forces to con- 
tinue their education so as to contribute to their military efficiency, and to 
benefit them upon their return to civil life. 

The Institute offers the prospective student a choice of two plans of registra- 
tion; he may enroll in any one of the sixty-four courses in the eight fields of 
study offered directly under the auspices of the Institute, or he may enroll for 
an extension course offered by any one of the seventy-nine colleges and uni- 
versities cooperating in the program. A uniform fee of two dollars is charged 
for any Institute course; in the case of university extension courses, the govern- 
ment pays one half the total cost of tuition and texts, not to exceed twenty 
dollars for any one course. 

In mathematics, the Institute has organized courses in arithmetic, algebra, 
geometry, trigonometry, analytic geometry, and calculus. A total of forty-four 
courses are available in pure or applied science. Other subjects treated are Eng- 
lish, the social studies, and business. 

It is urged that school officials assist students about to enter military service 
by planning future programs of education. To quote Colonel F. T. Spaulding, 
Chief of the Education Branch, “The objective might well be to plan with each 
student prior to induction a duration program of courses, approved courses 
which will be accepted for graduation or degree requirements.” 

Additional information upon the program may be obtained by writing to 
the Commandant, United States Armed Forces Institute, Madison, Wisconsin. 
All Army and Navy establishments have a supply of catalogs and application 
forms. 

THE MICHIGAN DIVISION FOR EMERGENCY TRAINING 


The University of Michigan recently created within the institution a Division 
for Emergency Training. Its function is to accommodate special programs and 
extraordinary groups of trainees whose presence upon the Michigan campus is a 
result of the war. In particular, the Division aids the several schools and col- 
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leges in arranging special military programs, avoiding, as far as possible,inter- 
ference with regular offerings. Complete records are kept of the work which the 
special students are doing so that they may complete their educational plans 
with a minimum of delay after the war. 

The Division has also been interested in the development of emergency cur- 
ricula for civilians. One of the first programs set up was the Basic Curriculum 
Preparatory to War Service. Addressed to recent high school graduates and se- 
lected high school seniors, this curriculum offers an integrated course in mathe- 
matics and physics, an» integrated course in history, English, and American 
institutions, and a course in physical education. The program extends over a 
period of twenty-four weeks, thus enabling most high school graduates to com- 
plete the work before entering the armed forces. Students spend more than thirty 
hours each week in class study under the supervision of their instructors; also 
they live together with an experienced counselor. The intensive course in physics 
and mathematics covers the equivalent of a year’s work in each of these fields. 


PRE-INDUCTION COURSES IN MATHEMATICS 


Soon after the start of the war, the United States Office of Education began 
receiving urgent and repeated requests from individuals and organizations 
thrcughout the country to give the secondary schools detailed suggestions for 
the teaching of mathematics for pre-induction purposes. In December, 1942, 
the Office in cooperation with the President of the National Council of Teachers 
of Mathematics appointed a committee to make a survey of the mathematical 
needs of the armed forces, and upon this basis to make a report concerning what 
the schools might do for the emergency. The committee consisted of Virgil S. 
Mallory, Professor of Mathematics, New Jersey State Teachers College at 
Montclair; William D. Reeve, Professor of Mathematics, Teachers College, 
Columbia University; Giles M. Ruch, Chief, Research and Statistical Service, 
U. S. Office of Education; Raleigh Schorling, Professor of Education, University 
of Michigan; and Rolland R. Smith, Specialist in Mathematics for the Public 
Schools of Springfield, Massachusetts, and President of the National Council of 
Teachers of Mathematics. Dr. Smith served as chairman of the Committee. 

It was the thought of the Committee that detailed analyses of a large num- 
ber of post-induction training and field manuals would provide a first approxi- 
mation to the mathematical needs of the military establishments, or at least 
afford a basis for evaluating the general character of the curricular modifications 
in secondary school mathematics dictated by the emergency. To this end, the 
Committee requested and received the fullest cooperation of the Army, the 
Navy, and the Civil Aeronautics Administration. 

The final report of the Committee entitled “Pre-Induction Courses in Mathe- 
matics” was published in Education for Victory, the Office of Education journal, 
for April first, and also appeared in the March number of The Mathematics 
Teacher. Reprints of the report may be had at ten cents each postpaid by writing 
to The Mathematics Teacher, 525 W. 120th St., New York, N. Y. 
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FROM THE WAR POLICY COMMITTEE 


Important developments in pure and applied mathematics are taking place 
during the war period. Unusual conditions prevail in the mathematics depart- 
ments of our colleges and universities. Many new connections are being estab- 
lished by mathematicians with public affairs, with industry, and with business. 
During normal times all these matters would receive adequate attention. New 
mathematical results would find their way into the scientific periodicals; like- 
wise, the problems raised by the extraordinary demands made upon the colleges 
of the country would be discussed at meetings and in journals devoted to such 
matters. 

Most of this reporting and discussion is impossible at the present time. Pub- 
licity is out of the question for most of the important work that is being done. 
Very few people have the time, if they had the inclination, to write or speak 
about their experiences and their problems. But it should need no argument 
to convince mathematicians of the necessity of keeping complete records of the 
questions which they have considered and of the solutions that are being ob- 
tained. 

If a person, or a group of persons, could be found willing to undertake the 
task of gathering the information which has a bearing on these matters, and if 
there were much hope that such information could be secured at the present 
time, it would be our obvious obligation to undertake this task. But neither of 
these hopes has much chance of realization. 

Thus, it becomes of urgent importance that every mathematician, whose 
work is in any way affected by the war, keep a complete and careful record of 
his personal activities and experiences. If this is done, the future work of the 
historian of mathematics may be greatly facilitated. Unless it is done, much 
that is valuable and interesting will fade out; the extremely important role 
played by mathematicians during the national emergency will be forgotten, and 
significant achievements will be lost. 

For these reasons the War Policy Committee of the American Mathematical 
Society and of the Mathematical Association of America urges the members of 
these organizations to keep a careful and detailed record of their scientific and 
educational war work. 

ARNOLD DRESDEN, 
Secretary Ad Interim 


THE ARMY SPECIALIZED TRAINING PROGRAM 


Since late March of the present year, the Army Specialized Training Pro- 
gram (ASTP) has been in operation upon college and university campuses in 
this country. As of July 22, 190 collegiate institutions had been invited to par- 
ticipate in the project. Reflecting a rapid rate of progress in the development of 
the ASTP, authorization has been issued to Commanding Generals of Service 
Commands to negotiate contracts to expand a number of existing units as well 
as to establish new units at other institutions. Virtually all of the new units 


i 
4 
4 


467 


1943] WAR INFORMATION 


established during the summer were to be activated in time for the start of the 
term on August 9. 

The processing of soldiers into the Program has been taking place at a rate 
well ahead of schedule. More than 60,000 soldiers were located in Army Spe- 
cialized Training Units in late July, and upward of 20,000 others were to enter 
the Program in the term starting in August. In addition, approximately 17,000 
soldiers, (July 22), were registered in Specialized Training and Reassignment 
(STAR) Units. 

At STAR Units, selected soldiers are housed, classified, instructed, and 
finally are assigned to specific courses of study in the ASTP at a level and in a 
field for which they seem to be best qualified. Thirty-one STAR Units have 
been designated. Soldiers remain at these Units for a period of from five to thirty 
days, and are then sent to Army Specialized Training Units. In the latter 
Units, trainees receive prescribed instruction in specific curricula for one or more 
twelve-week terms. The ASTP gives the young soldier an opportunity for medi- 
cal instruction, dental training, veterinary medical training, basic phase in- 
struction, training in advanced engineering, foreign area and language study, 
training in advanced personnel psychology, or preprofessional training. The ma- 
jority of participating institutions give instruction in the basic phase. In many 
cases, a college has units in more than one field of study. 

In June, the War Department announced the creation of the — Special- 
ized Training Reserve Program under which qualified high school graduates be- 
tween 17 and 18 years of age will be granted military scholarships providing for 
basic phase instruction in the Army Specialized Training Program at selected 
colleges and universities. The Reserve Program will be limited to those volun- 
teers who received qualifying scores on the preinduction test administered last 
April 2, and to those who qualify in similar tests to be given in the future. The 
next test is scheduled for early November. 

A maximum quota of 25,000 of these ASTP Reservists has been established 
by the War Department. This is in addition to the quota of 150,000 set for the 
number of soldiers participating in the Army Specialized Training Program at 
any one time. Unlike ASTP trainees, the Reservists will not be on active duty, 
nor will they receive basic military training before entering the ASTP Program. 
Instead, they will be Enlisted Reservists on inactive duty and will wear civilian 
attire. 

The Army Specialized Training Reserve Program is aimed to provide a di- 
rect flow of qualified young men toward Army Specialized Training prior to 
their entering active military duty. There will thus be established a constant 
reservoir of men with aptitudes and capacity for college-level training to meet 
the needs of the various Services for high-grade technicians, specialists, and 
candidates for officer training. 

At the end of the term in which the trainee reaches his eighteenth birthday 
he will be placed on active military duty and will be sent to an Army Replace- 
ment Training Center for the prescribed basic military training. On completion 
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of that training, he will be sent, if qualified, toa STAR Unit where he will be 
screened for continuation in the ASTP in a particular field of study and upon the 
highest level for which he is found qualified. He will then be assigned to an Army 
Specialized Training Unit. 

The ASTP Reservists’ work load will be similar to that of the regular ASTP 
trainee. The ASTR physical training program will be modified to take account 
of the younger age of the Reservists. The total work week will include approxi- 
mately 57 hours of supervised activity, made up of 24 hours of classroom and 
laboratory work, 24 hours of required study, and the balance devoted to military 
and physical instruction. Where a student is sent to an institution at which there 
is an ROTC unit, he will be given ROTC instruction. 

The military scholarship will provide for payment of tuition, messing, hous- 
ing, and such medical service as is customary at the institution. Instruction in 
the Reserve Program began this summer. The first group of eligibles were chosen 
from those who qualified in the preinduction test administered last April 2, and 
who had not attained their eighteenth birthday prior to August 15. 

In July, the War Department announced a modification of the original plan 
of training ROTC students called to active duty. It is now possible to permit 
this group to be returned to school for additional academic training designed to 
increase their value as future officers. 

Second year advanced ROTC students who have graduated are now being 
placed in officer candidate schools as rapidly as vacancies become available. 
Second year advanced ROTC students who have not graduated are being per- 
mitted to return to school on an inactive status, at their request, to continue 
their academic work. This group will be permitted to remain in college to com- 
plete the semester or quarter in progress on December 31, 1943, unless sooner 
graduated. Second year advanced ROTC students awaiting assignment to Off- 
cer Candidate Schools and those who do not elect to return to college will be 
held in replacement training centers, where they will be utilized as assistant in- 
structors. 

First year advanced ROTC students reported during the summer at replace- 
ment training centers for basic military training. Upon completion of this train- 
ing they are being returned to college under the supervision of the Army 
Specialized Training Division, pending the availability of vacancies in officer 
candidate schools. During this period, which may be long enough to provide 
two or more quarters, they will be given academic instruction designed to make 
them more useful officers in their branch of Service. 

A course in mathematics is taught during each of the three terms of the 
basic phase instruction of the ASTP; these courses are numbered AST-406, 
AST-407, and AST-408. For those who continue to the advanced phase in engi- 
neering, a fourth term of mathematics, AST-401, is taught. The topical outlines 
supplied for each of these courses appear below; they were drawn up by an ad- 
visory committee of mathematicians. 
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MATHEMATICs AST-406 
(Time Allowance: 6 hours per week) 


Addition, subtraction, multiplication, and division of polynomials. Factor- 
ing of following types: (a) perfect squares; (b) difference of two squares; 
(c) x?-++-ax+5; (d) factoring by grouping terms; (e) sum and difference of cubes. 
Operation with fractions. Evaluation of formulas: Include elementary mensura- 
tion of plane and solid figures. Linear equations in one and two unknowns. 
Exponents and radicals. Logarithms: Accuracy of computation is to be stressed ; 
five-place tables recommended. Quadratic equations in one unknown. Also in- 
clude solution of linear-quadratic pairs of simultaneous equations. Complex 
numbers. Ratio, proportion, and variation; use illustrative material from plane 
and solid geometry. Binomial theorem. Trigonometric functions. Recommended 
introduction of functions of a general angle immediately. Fundamental 
identities. Computation on right triangles. Components of a vector. Radian 
measure. (Also introduce the mil.) Graph of the sine and cosine function. Trigo- 
nometric identities including addition formulas for sine, cosine, and tangent. 
Double and half angle formulas. Solution of oblique triangles. Insist on accuracy 
of computation. 

Suggested Texts: Brink, Intermediate Algebra; Brink, Plane Trigonometry; 
Crathorne and Lytle, Plane Trigonometry; Curtiss and Moulton, Essentials of 
Trigonometry; Peterson, Intermediate Algebra for College Students; Rietz and 
Crathorne, College Algebra, 4th Edition; Rosenbach and Whitman, College Alge- 
bra; Rosenbach and Whitman, Plane Trigonometry. 


MATHEMATICS AST-407 
(Time Allowance: 5 hours per week) 


Rectangular coordinates. Distance and slope formulas. The straight line. 
Curve and equation: The derivation of the equation of the curves from given 
conditions. A thorough discussion of the curve from its equation including such 
topics as excluded values, symmetry, vertical and horizontal asymptotes, etc., 
as a preliminary to the drawing of the graph. The circle. Translation and rota- 
tion of coordinate axes. The conics, (not more than six or eight lessons). Polar 
coordinates. A careful drill in plotting of graphs. Parametric equations. Trans- 
cendental equations. Include addition and multiplication of ordinates. Stress 
curves like y =e cos bx, etc. Solid. analytic geometry: (a) Rectangular, cylindri- 
cal, and spherical coordinates; (b) Planes and straight lines; (c) Second degree 
surfaces. Sketch by means of sections parallel to axes. 

Suggested Texts: Love, Analytic Geometry; Smith, Gale, and Neeley, New 
Analytic Geometry; Wilson and Tracey, Analytic Geometry. 
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MATHEMATICS AST-408 
(Time Allowance: 5 hours per week) 


Definition of derivative. Finding the derivative by the increment process. 
Differentiation of algebraic functions. Application of the derivative to: (a) Equa- 
tion of tangent and normal; (b) Rate; (c) Maxima and minima. Differentiation 
of transcendental functions with further applications of the derivative. Differen- 
tials with applications to approximation, etc. Integration of standard forms, 
integration by trigonometric substitution, integration by parts. The definite in- 
tegral with applications, including areas and volumes. 

Suggested Texts: Granville, Smith, and Longley, Differential and Integral Cal- 
culus; Love, Differential and Integral Calculus; Miller, Calculus; Sherwood and 
Taylor, Calculus. 


AST-401 
(Time Allowance: 5 hours per week) 


Formal integration completed with further applications, including pressure 
and work. Radius of curvature. Curvilinear motion. Infinite series: (a) Conver- 
gence and divergence; (b) Maclaurin and Taylor series; (c) Applications to 
computation. Partial differentiation with applications. Double and triple in- 
tegration. Centers of gravity. Moments of inertia. Differential equations: (a) Lin- 
ear of first order, (b) Second order with constant coefficients; particular integral 
to be found by method of undetermined coefficients. In differential equations, as 
throughout the whole work in calculus, emphasis is to be placed on applications 
to physical problems. 

Suggested Texts: Granville, Smith, and Longley, Differential and Integral Cal- 
culus; Love, Differential and Integral Calculus; Miller, Calculus; Sherwood and 
Taylor, Calculus. 


WOMEN IN AEROLOGY AND ELECTRONICS 


The Navy is making an urgent search for women to perform important 
services in the Aerology and Electronics programs. In addition to the regular 
requirements for a candidate for Officers Training, the following qualifications 
are necessary. 

For Aerology, college mathematics through integral calculus and one year 
of physics. For Radar, one year of college mathematics and one year of college 
physics. 

After the regular Officers Training School, persons enlisted in these programs 
will continue with special work at various colleges and universities throughout 
the country. 

The contribution to the war effort to be made through these programs is 
important. For further details consult your nearest Office of Naval Officer Pro- 
curement. 
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THE MATHEMATICAL ASSOCIATION OF AMERICA 


THE APRIL MEETING OF THE OHIO SECTION - 


The twenty-eighth annual meeting of the Ohio Section of the Mathematical 
Association of America was held at the Ohio State University, Columbus, Ohio, 
on April 1, 1943. Contrary to the custom, only an afternoon session was held, 
the usual dinner and evening session being omitted. In the absence of the Secre- 
tary, Professor V. B. Caris served in his place at the meeting. 

Thirty-six persons were in attendance, including the following twenty-seven 
members of the Association: W. E. Anderson, F. R. Bamforth, Grace M. 
Bareis, I. A. Barnett, Henry Blumberg, H. F. Bright, O. E. Brown, C. T. Bumer, 
V. B. Caris, Paul Cramer, Sister Mary C. Garvin, J. F. Heyda, Margaret E. 
Jones, H. K. Justice, A. C. Ladner, Edith J. McKissock, C. G. Maple, R. H. 
Marquis, Florentina Mathias, C. C. Morris, H. S. Pollard, Tibor Radé, S. E. 
Rasor, K. C. Schraut, I. L. Stright, M. B. Tolar, F. B. Wiley. 

The following officers were elected for the coming year: Chairman, Tibor Radé, 
Ohio State University; Secretary-Treasurer, Rufus Crane, Ohio Wesleyan Uni- 
versity; Member of the Executive Committee, C. R. Wylie, Jr., Ohio State 
University; Member of the Program Committee, F. B. Wiley, Denison Univer- 
sity. It is expected that the next meeting will be held at the Ohio State Uni- 
versity on Thursday, April 6, 1944. 

The following program was presented: 


1. The pre-meteorological training program—an experiment and a challenge, 
by Professor C. T. Bumer, Kenyon College. 

Professor Bumer discussed the mathematical aspects of the pre-meteorologi- 
cal training program in the light of his contact with that work at Kenyon Col- 
lege. He remarked that, after slow development in America, as compared with 
the Scandinavian countries and Germany, the study of meteorology in this 
country began in earnest about twelve years ago. He pointed out that thousands 
of practical meteorologists must now be trained quickly to meet the needs of 
the armed forces, while at the same time thorough training in mathematics and 
physics must be provided so that the men will be able to understand the basic 
problems of meteorology. It was also stated that a thorough knowledge of dif- 
ferential equations is essential to the meteorologist, and that the interrelation 
of mathematics and physics is a characteristic feature of the training program. 


2. Determinants via mathematical induction, by Professor F. B. Wiley, Deni- 
son University. 

The content of this paper furnishes a concise introductory treatment of de- 
terminants, and also affords an opportunity for the student to obtain more than 
the usual amount of experience with mathematical induction. The elementary 
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properties of determinants were established by mathematical induction as con- 
sequences of the following definition: 


n 
| |i, (== 1) 53; | a11| = a1. 
j=1 


In particular, the theorems on the change of rows into columns, on the multi- 
plication of determinants, on the solution of m simultaneous linear equations in n 
unknowns, and on the eliminant of a set of m homogeneous linear equations 
in 2 unknowns, were established by this same type of reasoning. 


3. On the completely numerical solution of differential equations, by Professor 
O. E. Brown, Case School of Applied Science. 

Professor Brown remarked that Milne’s method for numerical approxima- 
tion to the particular solution of the differential equation y’ =f(x, y) determined 
by the initial condition that the integral curve must pass through the point 
(xo, Yo) requires, for starting the solution, the values of the ordinates yo, y1, ye, 
and y3 at the equally spaced points along the x-axis whose abscissas are Xo, 1, X2, 
and x3. Two formulas are required, one for extending the table of known points, 
and one for checking and correcting the new entries. In this paper there were 
presented similar formulas for advancing and checking which require only one 
point, only two, and only three, by use of which the method may be applied 
from the beginning. 


4. Effects of the war upon mathematics in Ohio, by Professor H. K. Justice, 
University of Cincinnati. 

This paper was the report of a committee directed by Professor Justice. 
The speaker explained that the committee had sent questionnaires to the mathe- 
matics departments of all the colleges and universities of the state, soliciting in- 
formation on new courses, enrollment, staff changes, and various activities 
related to the war effort. Then, with the assistance of Professors Anderson and 
Blumberg, he presided over an open discussion in which members exchanged 
views and reported war-time developments in mathematics. The committee then 
reviewed pertinent questionnaires from institutions not represented at the meet- 
ings. 


5. Whither American Mathematics? by Professor Henry Blumberg, Ohio 
State University. 

The content of Professor Blumberg’s paper was an outgrowth of the study 
reported in the preceding paper. The speaker discussed the present challenge to 
American mathematicians, particularly in relation to liaison with the applica- 
tions. He considered some of the difficulties in the way of greater attainments, 
and indicated along what lines these difficulties might be met, making a number 
of specific recommendations. He finally discussed the character of the general 
problem facing American mathematics, of which the liaison problem is only a 
part. 


Rurus CRANE, Secretary 
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THE ANNUAL MEETING OF THE MISSOURI SECTION 


The annual meeting of the Missouri Section of the Mathematical Association 
of America was held in conjunction with the meeting of the Missouri State 
Teachers Association at Kansas City, Missouri, on Friday, December 4, 1942. 
The meeting consisted of a morning session which was held in the Continental 
Hotel. 

The Secretary of the Section finds himself unable to provide a list of the 
members of the Association who attended the meeting. The following officers 
were elected for the coming year: President, Professor R. R. Middlemiss, Wash- 
ington University; Secretary, W. E. Ferguson, University of Missouri. 

The following papers were presented: 


1. Inscribing triangles in simple closed plane curves, by Dr. J. V. Wehausen, 
University of Missouri. 

The speaker shows that if C is a simple closed plane curve, if P is any point 
interior to the curve, and if @ is any angle, then there are two points A and B 
on C such that PA = PB, and angle APB is equal to @. He proved also that if 
there is a triangle with sides of lengths a, b, and c, then there are three points 
P,Q, and R on the curve such that the distances PQ, QR, and RP are propor- 
tional to a, 6, and c. The proofs of these two theorems were based upon the 
Jordan separation theorem. The proof of the first is similar to a proof given by 
H. E. Vaughan for the case in which @=180°. Vaughan’s proof was printed in 
this MONTHLY, vol. 46, 1939, p. 657. 


2. A two dimensional representation of vectors and scalars, by Dr. F. P. Beer, 
University of Kansas City. 
Dr. Beer’s paper will appear in a later issue of this MONTHLY. 


3. Mathematics in the C. P. T. program, by W. E. Ferguson, University of 
Missouri. 

In this paper it was explained that the elementary portion of the C. P. T. 
program calls for thirty-six hours of instruction in mathematics. In regard to 
preparation, it was stated that the men form a very heterogeneous group, some 
being high school graduates of fifteen years ago, while others hold advanced 
degrees in various fields. The mathematical training of some of the men consists 
of only two units in high school, while others have had as much as fifteen hours 
of college mathematics. 

The course includes a review of fundamental operations in arithmetic and 
algebra, ratio and proportion, linear equations, formulas, time zones, graphs, 
scales, angle measurement, vectors, and the use of the Dalton Mark VII com- 
puter. Excluding the technical topics and applications, the course includes noth- 
ing beyond second year high school algebra. Various teaching difficulties were 
mentioned, and it was stated that students of average intelligence with three 
units of mathematics in high school succeed very well in the work. 
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4. Why not a thorough revision of freshman mathematics? by Father W. C. 
Doyle, Rockhurst College, introduced by Dr. Shanks. 

Father Doyle described the course in freshman mathematics given at Rock- 
hurst College. Distinctive features of the course described were an early intro- 
duction to analytic geometry, the inclusion of a large number of computational 
problems involving decimals (particularly in plotting curves), and decreased 
emphasis upon radicals and certain other phases of formal algebra. 


5. Pointless geometry, by Dr. M. E. Shanks, University of Missouri. 

This speaker outlined several postulate systems for geometry and topology 
which start with elements other than the point as the primitive concept. In 
particular, the postulate systems of Huntington and Wald were singled out as 
representative of what might be called geometries of “lumps.” Topological 
spaces derived from lattices were also mentioned. 

M. E. SHANKs, Secretary 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 
Twenty-sixth Summer Meeting, New Brunswick, N. J., September 11-13, 
1943. 
Twenty-seventh Annual Meeting, Chicago, IIl., November 27-28, 1943. 
The following is a list of the Sections of the Association with dates of future meetings so far a§ 
they have been reported to the Secretary. 


ALLEGHENY Mountaln, Pittsburgh, Pa., NORTHERN CALIFORNIA, Berkeley, Jan. 29’ 
April, 1944 1944 


ILLINOIS 

InpDIANA, Indianapolis, Oct. 29-30, 1943 
Iowa 

KANSAS 

KENTUCKY 

LovuIsIANA-MiIssIssIpPI, Ruston, La., 1943 
MARYLAND-DIstRICT OF COLUMBIA-VIR- 


GINIA 

METROPOLITAN NEW YORK 
MICHIGAN 

MINNESOTA 

MIssourRI 

NEBRASKA 


Ouro, Columbus, April 6, 1944 

OKLAHOMA 

PHILADELPHIA, Philadelphia, Nov. 27, 
1943 

Rocky MountTAIN 

SOUTHEASTERN 

SOUTHERN CALIFORNIA, Angeles, 
March 11, 1944 

SOUTHWESTERN 

TEXAS 

Upper New York STATE 

WISCONSIN 
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TRIGONOMETRIES 


Ballou and Steen 


Cover all the trigonometric formulas which are needed and used in science, engineering, and 
pure mathematics. They emphasize applications, particularly to aviation and navigation. Un- 
usually neat proofs, explaining every step clearly and concisely. Admirably suited for a maxi- 
mum of self-drill and self-study. Adapted to either a long or a short course. Eleven five-place 
tables, including a Haversine Table. By Donald H. Ballou, Middlebury College, and Frederick H. 
Steen, Allegheny College. 


Plane Trigonometry with Tables. $2.00. 
Plane and Spherical Trigonometry with Tables. $2.40. 


Rosenbach-Whitman-Moskovitz 


Outstandingly successful trigonometries marked by clarity of exposition, soundness of method, 
and flexibility of arrangement. Include military and naval applications, and a Haversine Table 
(in editions with tables). By Joseph B. Rosenbach, Edwin A. Whitman, and David Moskovitz, 
all of the Carnegie Institute of Technology 


Plane Trigonometry $2.00; with Tables $2.25 
Plane and Spherical Trigonometry $2.30; with Tables $2.50 


Prices subject to discount 


GINN AND COMPANY 


Boston New YorK Cuicaco ATLANTA DALLAS CoLuMBus San FRANCISCO 


Widely adopted for both Army and Navy programs 


First Year College Mathematics 


By W. L. HART, W. A. WILSON 
and J. I. TRACEY 


Essentials of College Algebra; Plane and Spherical Trigonometry with Appli- 
cations; Analytic Geometry; Tables. 886 pages. $4.00 


Brief Edition of 
First Year College Mathematics 
By W. L. HART 
The Complete Edition with Analytic Geometry omitted. 606 pages. $3.00 


For economy, reliability, and ease of reference 


D. C. HEATH AND COMPANY 
Boston NewYork Chicago Atlanta SanFrancisco Dallas London 
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A COMPLETE REFERENCE BOOK 


for college students in trigonometry through calculus 
THE JAMES MATHEMATICS DICTIONARY 


provides: 
the facts the student has learned in presupposed subjects, the forgetting 


of which causes most of his current difficulties; 


correlation between his various subjects by means of its carefully worked 
out cross-reference system; 


tables—logarithmic, trigonometric; differentiation; extensive integral; de- 
nominate numbers; mathematical symbols; squares and cubes, and mathe- 
matics of finance. 


Attractive format, durable fabricoid binding, either flexible or non-flexible, price 
$3.00. Fifteen percent discount to teachers. 


THE DIGEST PRESS, Dept. 1A 
VAN NUYS CALIFORNIA 


Three Handbooks by Samuel I. Jones 


“These books ought to be in the library of every school 
and every teacher of mathematics” 
MATHEMATICAL NUTS. 340 pages. $3.50 


“Every teacher of mathematics or physics should have this book.” 
—The Editor, School Science and Mathematics. 


MATHEMATICAL CLUBS AND RECREATIONS. 236 pages. $2.75 


“This book should be in the hands of every teacher of mathematics.” 
—The Editor, Scripta Mathematica. 


MATHEMATICAL WRINKLES. 361 pages. $3.00 


“This book ought to be in the library of every teacher.” 
—The Editor, The American Mathematical Monthly. 


All books sent prepaid to any address. Mail orders gladly filled for any book 
of other publishers. For more information write for circulars. 


S. |. Jones Co., Publisher and Book Dealer 
1122 Belvidere Drive, Nashville 4, Tenn. 
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A FIRST YEAR OF 
COLLEGE MATHEMATICS 


By RAYMOND BRINK 
PROFESSOR OF MATHEMATICS, UNIVERSITY OF MINNESOTA 


Bem: exceptionally complete, balanced, and unified presentation of college 

algebra, trigonometry, and analytic geometry is especially well adapted to 

the particular needs of the college courses in mathematics required by the 

Army and the Navy. It includes a sixty-page review of elementary algebra 

with drill; throughout it emphasizes function and the correspondence between 

geometrical and numerical relations; its problem material is distinctive for its 

richness, variety, and aptness; its system of cross-reference and its flexibility 

: are extremely useful; and it provides a great number of illustrative examples 

solved in the text. This text offers exceptionally thorough preparation for the 
course in calculus. 650 pages. $3.50. 


Brink's A FIRST YEAR OF COLLEGE MATHEMATICS WITH SPHERICAL 
TRIGONOMETRY. 740 pages. $3.75. 


D. APPLETON-CENTURY COMPANY 
i 35 West 32nd St. New York 1, N.Y. 


THE CARUS MONOGRAPHS 


No. 1. Calculus of Variations, 2 ee G. A. Butss. (First Impression, 1925; 
Second Impression, 1927; Third Impression, 1935.) 


No. 2. Analytic Functions of a Complex Variable, by Proressor D. R. Curtiss. 
(First Impression, 1926; Second Impression, 1930.) 


No. 3. Mathematical Statistics, by Proressor H. L. Rretz. (First Impression, 1927 ; 
Second Impression, 1929; Third Impression, 1936.) 


No. 4. Projective Geometry, by Proressor J. W. Younc. (First Impression, 1930; 
Second Impression, 1938.) 


No. 5. History of Mathematics in America before 1900, by Proressors Davin 
Eucene SMitH and Jexutuiet Ginssurc. (First Impression, 1934.) 


a No. 6. Fourier Series and Orthogonal Polynomials, by Proresson DUNHAM JACK- 
son. (First Impression, 1941.) 


No. 7. Vectors and Matrices, by Proressor C. C. MAcDurree. (To appear in the 
autumn of 1943.) 


Price $1.25 per copy to members of the Mathematical Association, one copy to 
each member, when ordered directly through the office of the Secretary, McGraw 
Hatt, Cornell University, IrHaca, N.Y. 


Additional copies for members, and copies for non-members, may be purchased 
from the Open Court Publishing Co., La Salle, Illinois, at the regular price of 
$2.00 per copy. | 
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Base your course on 
a successful textbook 


Consider this evaluation. It is a digest of critical comment sent to 
us voluntarily by college teachers of analytic geometry. The book 
referred to is 


Smith, Salkover, and Justice's 


ANALYTIC GEOMETRY 


“These authors have written an excellent ‘Calculus’ and their repu- 
tation will continue to be enhanced by this ‘Geometry.’ It is a text- 
book which goes beyond most of the current texts in the care with 
which new concepts are introduced and groundwork laid for future 
developments. It aims to adjust the student to the new type of rea- 
soning that analytic geometry calls for by providing accurate, fully 
illustrated explanations of the topics commonly taught in that sub- 
ject. It is a fine piece of work from every point of view.” ... 
For our own information we checked “Analytic Geometry” against 
the specifications for AST 407. The material which must be covered 
in that course is contained in this book. 


1943 298 pages $2.50 
John Wiley & Sons, Inc., 440-4th Ave., New York 


Here is a book with personality 


Frank M. Morgan’s 


College Algebra 


is a happy combination of 
American si™Plicity of style, smooth- 


ness of sequence, gradation 


Book of difficulty, and selection of 
problems, that has won in- 


Company stant and warm friendship 
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MATHEMATICAL REVIEWS 


offers 


prompt review of the mathematical literature of the world 
complete subject and author indices in last issue of volume 


microfilm or photoprints of most articles reviewed (at cost) 
at the very low rate of $13 per year 


Publication of this journal is sponsored by the American Mathematical 

Society, Mathematical Association of America, London Mathematical 

Society, Academia Nacional de Ciencias de Lima, Union Matematica 
Argentina and others. 


Send subscription order or request for sample copy to 


American Mathematical Society, 531 West 116th Street, New York City 27 


Outline of the History of Mathematics 


by RAYMOND CLARE ARCHIBALD 


Fifth edition, June 1941, ii, 76 pages 


gem thoroughly revised and considerably enlarged edition is published by the Mathe- 
matical Association to meet a constant demand for up-to-date information on the 
History of Mathematics, not available in any other single English work. The syllabus, 
twenty pages of references to other material and sources, and an entirely new Index 
of Names, provide an excellent basis for a teacher to conduct a semester or year course 
in this field, or for a student wishing greatly to extend his knowledge. Earlier editions 
of the Outline have been reviewed very favorably throughout the world. Our expectation 
is that this fifth edition published within ten years, and more fundamentally revised and 
extended than any other edition, will continue to meet a need in this country and else- 
where. 


Price 75 cents a copy, postpaid, remittance with order 


No discount in price to anyone 


MATHEMATICAL ASSOCIATION OF AMERICA 
McGRAW HALL, CORNELL UNIVERSITY 
ITHACA, NEW YORK 
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17th Yearbook 
of the 
National Council of Teachers of Mathematics 


A SOURCE BOOK 
OF MATHEMATICAL APPLICATIONS 


Compiled by a Committee of the National Council of Teachers of Mathematics 


This volume has been prepared to meet the need for a broader knowledge of direct 
application of mathematical principles. It provides a valuable reference book for teachers 
of the mathematics usually offered in grades seven through twelve. 


The four sections—Arithmetic, Algebra, Geometry, and Trigonometry—are treated 
according to mathematical topics alphabetically arranged. The numerous applications 
under each topic are conveniently listed according to number. Hundreds of illustrations 
vitalize the material. 


CONTENTS 


ARITHMETIC 


Angle. Average. Compound numbers. Decimals, Decimal point. Denominate numbers, Equa- 
tions. Exponents. Formulas. Fractions. Fundamental operations. Graphs. Installment buying. 
Insurance. Interest. Measurement. Mensuration. Metric units. Numbers. Per Cent. Proportion. 
Ratio. Scale drawing. Squaring a number. 


ALGEBRA 
Formulas. Fractional equations. Graphs. Linear equations. Progressions. Quadratic and other 
equations. Variation and Proportion. 


GEOMETRY 
Angle, bisector. Angle, polyhedral. Angles. Areas. Circle. Cones. Conic sections. Diagonals. 
Geometric drawings. Geometric forms. Geometry construction. Golden section. Great circles. 
Locus. Parallel lines. Parallelograms, Proportion. Pythagorean theorem. Rectangular solids. Regu- 
lar polygons. Similar triangles. Spheres. Spherical angles, Spherical triangles. Straight lines. Sym- 
metry. Tangents. Triangles. Trisection of an angle. Volumes. 
TRIGONOMETRY 
Angles. Cosine function of twice an angle. Cosines, laws of. Cosine ratio. Cotangent ratio. Radians. 
Sine curves. Sines, law of. Sines and cosines, laws of. Sine ratio. Sine, versed. Tangent ratio. 
Trigonometric functions. Trigonometric manipulations. Trigonometric tables. Trigonometry and 
calculus. 


$2.00 postpaid 


BUREAU OF PUBLICATIONS 
Teachers College Columbia University New York 
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Outstanding McGraw-Hill Books 


ENGINEERING PROBLEMS ILLUSTRATING MATHEMATICS 


A Project of the Mathematics Division of the Society for the Promotion of Engineering 
Education. Joun W. Ceti, Chairman, North Carolina State College. Foreword by RoBert 
E. Douerty, President, Carnegie Institute of Technology. 172 pages, 6 x 9. $1.75 


MATHEMATICS OF FLIGHT 


By JAmes Nawicu, Manhattan High School of Aviation Trades, New York. 409 pages, 
6 x 9. Textbook edition, $2.20 


MATHEMATICS ESSENTIAL TO ELECTRICITY AND RADIO 


By Netson M. Cooke, Lieut., U.S.N., Executive Officer, Naval Research Laboratory, 
Washington, D.C., and JosepH B. Orteans, George Washington High School, New York. 
381 pages, 5% x 8, Textbook edition, $2.40 


BUSINESS MATHEMATICS. New second edition 


By Cieon C, RicHTMEYER and Jupson W. Foust, Central Michigan College of Education. 
394 pages, 5% x 8. $2.75 


ELEMENTS OF STATISTICAL METHOD. New second edition 
By Avpert E. WaucH, University of Connecticut. 527 pages, 6 x 9. $4.00 


BUSINESS MATHEMATICS FOR COLLEGE STUDENTS 


By Georce H. WHITEAKER, University of Denver. McGraw-Hill Publications in Business 
Education. 193 pages, 6 x 9. $1.50 


PILOTING AND MANEUVERING OF SHIPS 


By Lyman M. Ketts, WILLIs F. Kern and James R. Brann, U. S. Naval Academy. 181 
pages, 6 x 9. $2.00 


ELEMENTARY MATHEMATICS FOR THE MACHINE TRADES 


By Joun J. Weir, Sperry Gyroscope Co., Formerly of Wm. L. Dickinson High School, 
Jersey City. 193 pages, 5%4 x 8. Textbook edition, $1.60 


EMPIRICAL EQUATIONS AND NOMOGRAPHY 
By Date S. Davis, formerly of Wayne University. 200 pages, 6 x 9. $2.50 


VECTOR AND TENSOR ANALYSIS 
By Homer V. Cratc, University of Texas. 434 pages, 6 x 9. $3.50 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, Inc. 
330 West 42nd Street New York 18, N.Y. 
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Commercial Algebra 
BY STELSON & ROGERS 


A practical, clearly written book with notably excellent material on such 
topics as ratio and proportion, graphs and graphical representation, discount, 
probability, and credit. There are special chapters on buying and selling, 
and merchandise and consumer credit. Interpolation and the use of tables 
are fully explained, and there is a chapter on logarithms and the use of 
the slide rule. Many problems are included, with answers for the odd- 
numbered problems given at the back of the book. 


283 pages. $2.50 


Navigational Trigonometry 


BY RIDER & HUTCHINSON 


This book gives thorough training in the mathematics basic to navigation, 
with extensive application to modern sea and air navigation, including the 
sailings, charts and lines of position. All the material is authentic and prac- 
tical. Nomenclature and forms of calculation are those used in actual practice 
in the armed forces today. The standards of accuracy and interpolation are 
those in force in official training schools. Numerical data are taken from 
official sources. All problems are realistic. The tables include a complete 
five-place table with one minute intervals of natural and logarithmic haver- 
sines, arranged from Bowditch by authority of the U. S. Naval Department, 
thus making it unnecessary for the student to refer to Bowditch. 


Ready September 7th. c. 232 pages. $2.00 (probable) 


Differential & Integral Calculus 


BY CLYDE E. LOVE 


‘This latest edition holds to the high standard of excellence which this text 
has established during 25 years of steady use. It has been thoroughly revised 
with improvements based on the careful consideration of suggestions from 
those who have used the book. One of the features of this new fourth edition 
is the early introduction of integration. The number of worked-out examples 
has been greatly increased. New figures have been added and many of the old 
ones redrawn. 


483 pages. 


The Macmillan Company 60 Fifth Avenue New York II 


GEORGE BANTA PUBLISHING COMPANY, MENASHA, WISCONSIN 
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